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Editor Comments 




This is the last issue of The AM ATYC Review that I will edit and that Roy Cameron 
will produce. Six years have passed very quickly for me. And, I thank AMATYC for 
giving me the opportunity to serve the two-year college mathematics community. I am 
very proud of the efforts of the journal staff and authors. The staff has included 
advertising managers Eleanor Young and Larry Gilligan; production managers Paul 
Dudenhefer and Roy Cameron; artist Robert Burghardt; editorial panelists Agnes 
Azzolino, lone Boodt, Mike Davidson, Joyce Friske, Brian Hickey, Gordon Hoagland, 
Nelson Rich, Martha Wood, Carla Thompson, Dennis Reissig, Travis Thompson, Max 
Cisneros, Marvin Johnson, Charlotte Newsom, Jacqueline Thornberry, and August 
Zarcone; columnists Greg Foley, Les Tanner, John Edgell, Michael Ecker, Shoa Mah, 
"^alph Selig, Robert Stong, Judy Cain, Joe Browne, Deborah Crocker, Igor Malyshcv, 
and Joanne Becker; and the numerous reviewers who have helped to evaluate 
manuscripts. To these individuals and to the authors who have either successfully or 
unsuccessfully endured through a sometimes lengthy and painful publication process, 
I offer a sincere thank you. 

I am especially indebted to my friend and colleague, Roy Cameron, for his work as 
the production manager. Roy's first issue appeared in March, 1988. Throughout our 
combined tenure with The Review we formed a cohesive team. I supplied Roy with 
the content and he took care of everything else that had to be done in order to get the 
journal to you in a timely manner. Roy worked with the computer publisher, cor- 
responded with the authors to correct errors, pasted-up the pages, and coordinated 
the efforts of the printer and mailer. He took great pride in producing a journal that 
did not have any blank spaces, was free of errors, and was visually pleasing. 

Roy and I attempted to build upon the work done by the previous editor. Jay Huber, 
and his production manager, Paul Dudenhefer, to produce a better journal. Similarly, 
I expect that The Review will continue to improve under the leadership of the new 
editor, Joe Browne, and his production manager, Jane Covillion (both of Onondaga 
Community College in Syracuse, NY). However, they will need your help. Send them 
your suggestions. Send them your articles. Write "Letters to the Editor." Support 
the columnists. In sum, make it a personal responsibility to help the staff produce a 
valuable journal for the AMATYC membership. 

In closing, I would just lil.e to comment on the content of this issue of The Review. 
While I have always tried to include at least two education articles in each issue, this 
issue contains only one article in that category. The main reason that this has occurred 
is that I wanted to clear a backlog of articles that were accepted prior to January 1, 
1992 and allow the new editor to have a fresh start. This situation should offer a hint 
to potential authors. There is a need for more mathematics education articles. 

Don Cohen, Editor 
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Letter to the Editor 



Dear Editor: 

I read A Time for Change in Remedial Mathematics by Edward D. Laughbaum in your Spring 
1992 issue and I certainly agree with the fact that developmental mathematics is in need of reform. 
Ed mentions the use of graphing calculators as the direction developmental mathematics should take. 
While it is clear that calculator use as well as the use of computers and other technologies must be a 
part of mathematics instruction at any level, I believe that they must be integrated into instruction to 
produce a holistic methodology. 

Ed also mentions that less time should be spent teaching algebraic manipulations. I wholehear- 
tedly agree. However, developmental mathematics courses tend to be prerequisite courses rather 
than terminal courses. Therefore, instructors must identify the skills that are needed to help to insure 
the success of their students in subsequent courses. Also, business and industry are turning more 
and more to developmental mathematics to help to upgrade workers* skills. Again, it is incumbent 
upon us to identify and teach those skills necessary to make the workers as productive as possible. 

These and other complex issues have led the Mathematics Special Professional Interest Network, 
a subgroup of the National Association for Developmental Education (NADE) to form a task force 
of two and four year college mathematics educators. Their project, entitled Restructiiring the 
Mathematical Bridge: Mathematics Reform for Underprepared College Students, will use input from 
both developmental and nondevelopmental instructors to produce and disseminate a reformed 
developmental mathematics curriculum. The task force plans to include models for instruction and 
assessment. 

'Ilie project will have four phases: surv-eying the current status and extensively assessing the needs 
of developmental mathematics, developing a curriculum and instruction model based on extensive 
input from con:erned parties, piloting and refining the model, and disseminating the results. The 
task force is presently organizing committees to implement various aspects of the project and plans 
to work with representatives from professional mathematics organizations as well as other interested 
groups. Project funding is currently being sought. 

It is anticipated that the curriculum model that will be developed will complement the curricular 
changes currently occurring at secondary and college levels. Possible outcomes include a reasoned 
inclusion of new technology and recent pedagogical research, significant modifications to the tradi- 
tional topics taught in developmental courses, more connections between mathematics and its 
applications, and an increased focus on nontraditional problem solving. Plans call for pilot testing the 
materials at 10 institutions of varying types. 

What does the Bridge project want with you? We are looking for people who are willing to give 
of their time and energy to serve on four project committees: Curriculum, Instruction, Aassessment, 
and Dissemination. In addition, we need to people to lead brainstorming sessions at their schools. 
The linchpin of reforming the structure of developmental mathematics is a massive influx of 
information from its practitioners. If you are interested in becoming involved in the Bridge project, 
please contact me. Ed's article has indicated a need that must be addressed. Hopefully, we can work 
together to meet that need. 

Sincerely, 

William Thomas, Jr. 

University of Toledo/ComTech, Scott Park Campus 
Toledo, OH 43606-3390 (ph. 419-537.-3338) 
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ABOUT THE COVER 



Honeybees^ Hexagons, and the Industrial 

Workplace 

by Samuel F. Mclnroy 

Corning Community College, Corning, NY 14830 

Sam has (aught all levels of mathematics at Corning Community College since 1964. He 
is past President of NYSMATYC, a past Northeast Regional Vice President ofAMATt'C, 
and a past Chairperson of the Faculty Association at Corning Community College. As 
this article appears^ he is sequestered somewhere in the high plains of Wyoming while 
enjoying a semester's sabbatical leave in order to devote full attention to completing a 
book on mathematical puzzles. 

Mathematicians have known from ancient times that there are but three possible 
tessellations of the plane by regular polygons all of the same kind: triangles, squares, 
and hexagons. If every cell in this mosaic is to have a constant area, then the hexagonal 
tiling creates this with the least perimeter. Mother Nature has known from time 
immemorial that this efficient honeycomb pattern — translated into perfectly packed 
three-dimensional hexagonal prisms — would best satisfy the specialized needs for 
certain structures, for example within the hive or nest of bees, wasps, and similar 
insects. 

More recently, industries, such as Corning Incorporated, the leading substrate 
producer for catalytic converters installed in cars built by American automobile 
manufacturers, have incorporated tessellated compon nts into their products. Inas- 
much as industrial substrates are coated by precious metal catalysts that convert 
exhaust gasses into harmless compounds, the preferred option utilized would balance 
the need for economizing on the amount of a very expensive coating while providing 
a maximum of coated surface area and strength with a minimum of back pressure as 
the exhaust gasses pass through the catalytic chamber. Since ^he substrates arc 
manufactured via an extrusion from a metal die, additional considerations in the 
selection of a preferred geometry involve die cost, usable die life, and the success rate 
in bringing the substrate from its animated green state to an intermediate dry stale 
and finally through a high heat firing state. 

Even though there is a great deal to recommend the hexagonal design, certain 
quality control difficulties encountered in manufacture have, to date, biased industry's 
choices towards triangular and squared cross sections. The scientist or technician who 
solves this manufacturing hobgoblin will usher in an era in which this industrial 
application will be as cffieient as the one employed naturally by the honeybee. 

Credits: Special thanks to Dr. Paul A. Tick, Research Associate, Richard Bernard, Senior Mechani- 
cal F.nginccr and Kevin R. Brundagc, Senior Glass Scientist, all ora:)rning Incorptiratcd and to Mr. 
Michael Gilniartin, Professor of F.ngiish at Corning Community College. 
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VIEWPOINT 



Technology in the Mathematics Classroom 

by Mike Davidson 
Cabrillo College, Aptos, CA 95003 

Mike Davidson graduated with a BS in Mathematics from Tarleton State University in 
Stephenville, Texas, in 1969, and with an MS in Algebraic Topology from Texas Christian 
University, in Fort Worth, Texas, in 1973. He has taught mathematics for 15 years, in 
Texas, Colorado and California, from sixth grade through college. 

Mathematics is really two things. First, it is a huge library of time-tested and 
proven techniques, procedures, and formulas. Second, mathematics is an attitude, a 
mind-set, with its own special logic, motives, and goals. The former are our *'tools of 
the trade," while the latter makes us artists and craftsmen. Skill in thr. use of tools can 
exist in the absence of the creative spark that raises them out of the purely mechanical. 
We in mathematics education have tacitly believed that learning the manipulations 
would somehow kindle that fire in the minds of our students, that the logic and the 
rationality would somehow "rub off on our students. We have assumed tha^ if a 
student mastered mathematical mechanics, the mathematical mind would follow. 
Sometimes that was the case . . . but never, it seems, without the student's natural 
fascination with structure and pattern. 

Over the decades, since the axiomatic approach to teaching mathematics sup- 
planted the scientific (experimental) approach, mathematics teachers have succeeded 
in making the subject dull enough that the number of people majoring in mathematics 
has dwindled. The 'mpctus for the mathematical mind-set to arise is that attraction 
of seeing order come out of chaos, the drive to sec some new pattern, "\ . . to boldly 
go where no one has gone before." Our axiomatic approach has eliminated that thrill 
of exploration and reduced all of introductory mathematics to a mechanical applica- 
tion of dusty principles. Still, a few students do manage to find their way to the beauty, 
elegance and fire of mathematics. 

Mathematics educators have relied on exposure to axiom systems and mechanical 
manipulations to spark the students interest, to set them on the path to gaining that 
mathematical high ground, that point-of-vicw, that mathematical mind, that has 
brought such phenomenal success in the sciences. However, that approach is succeed- 
ing less and less often. Technology has caught up with mathematics as it has with much 
of industry. In the Industrial Revolution, technology freed workers from most purely 
mechanical tasks, greatly increasing the speed, reliability and quality of production. 
Wc stand at the dawning of a similar revolution in mathematics. 

Many of our colleagues argue that if we allow students access to technology, they 
will come to depend on the technology and will never come to understand what they 
arc doing. They are exactly right on both points. We do come to depend on our 
technology -how many people still know how to render down animal fat into taliow 
to make candles? And, if we continue to rely on exposure to the manipulations in 



mathematics to teach the mathematical mind-set, while at the same time reducing the 
students' contact time with them, truly, the students will never understand mathe- 
matics. 

Much of the mathematics software currently available is designed to provide 
students with a variety of similar problems organized by topics. Does drill improve 
understanding? It gives the students access to more manipulation problems, instant 
feedback for correctly entered answers and even hints if the student is unsuccessful. 
But the purpose of drill is to reduce the need for students to *'think" about problems 
by "conditioning'* the students' responses to certain situations. Having to think about 
each problem slows down the manipulations. In theory, if students do enough prob- 
lems of a specific type, they need not think at all. They become trained to make correct 
responses: they sec a problem they recognize and do the right thing automatically. 
While Pavlovian conditioning may make the students faster and more accurate mech- 
anically, it robs them of flexibility. They may know what to do in certain situations 
without knowing why they are doing it. They may be mechanically perfect and under- 
stand nothing. But perhaps the worst side effect of drilling is that students never really 
learn to conquer new problems, problems unlike those to which they have been 
conditioned to respond. When confronted with a genuinely original problem, they 
have no idea how to begin. Drill has its useo, as I pointed out earlier, but conditioned 
responses are not creativity. If the only problems truly worth solving are those that 
haven't been solved before, increasing the amount of drill required of the students is 
counterproductive. 

As a member of the editorial panel of the Review^ I see an increasing number of 
articles on the "use of technology" in the classroom. I would like to share with you my 
criteria for evaluating the content of those articles for wh<.l it is worth. If the 
technology applied in the article does nothing more than speed up ihe process (or 
improve its reliability or quality), I classify it as **stcrile." For example, using a 
graphing calculator to approximate the real roots of a polynomial is sterile. It offers 
only an increase in efficiency over the old process. It poses no new questions, opens 
no new doors. It deals with the same problem set as before. It merely filters old 
techniques through new technology. 

On the other hand, a "creative" application of technology can raise more questions 
in the students' minds than it answers. It can give the students something to think 
about that the old process didn't address for lack of time or lack of breadth. An 
example of a creative application of technology is the use of a graphing calculator to 
help students explore the relationship between the coefficients of a polynomial and 
the shape of its graph. Push the "leading term test" to the limit, to include all the terms 
not just the first one. 

I tell my beginning prccalculus students that I expect them by the end of the course 
to be able to tell me how each term in the polynomial function f{x)=x^ -Sx" -^-x 
contributes to the overall shape of its graph. Since each student has access to a 
graphing calculator, the calculator becomes a tool to answer questions that we nor- 
mally don't pose for lack of time or the lousy graphing ability of the students. The 
students can then be asked to speculate on how the terms of a function, in general, 
relate to the shape of its graph, and to compare that to how the factors of a function, 
in general, relate to the shape of its graph .... 



In the classroom, the distinction between sterile and creative technological ap- 
plications is a relatively easy one to make if you ask the right questions: 

1) Are the students asking more questions or less than usual? 

2) Are the questions about the technology or the mathematics? 

3) Are the mathematical questions of higher or lower order than usual? 

4) Do some of the questions extend the discussion into new but related areas? 

In summary, technology can save us or sink us in the classroom. Creative applica- 
tions of technology can restore much of the thrill of exploration by giving even our less 
skillful students tools to take them where they could not have easily gone before. But 
we must learn how to pass on the "mathematical mind" to our students without the 
drill and manipulations. We must reinfect them with the excitement of discovery, with 
the dramatic power of analytical reasoning. We have a lot to learn, but we stand at 
the door to a new era in mathematics education (and with heartfelt thanks to Bill 
Shakespeare and Gene Roddenberry) that is our "undiscovered country." 
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Reflections on Arithmetic-progression 

Factorials 

by William E. Rosenthal 
Ursinus College, CoIIegeville, PA 19426 

Bill received his PhD in mathematics from the State University of New York at Stony 
Brook in 1083, He has devoted his professional and personal lives to an ongoing quest 
for ways to reinvent humane, humanistic.and life -affirming mathematics pedagogies. In 
August 1990, Ursinus acknowledged his creation of the course "Humanistic Calculus" 
with the inaugural Sears Roebuck Award for Teaching Excellence a/id Campus Leader- 
ship. 

In a short communication appearing in the Fall, 1990 issue of The Review, T^avid 
L. Farnsworth (1990) obtains closed-form expressions for the "even and odd fac- 
torials" 

2 • 4 • 6 (2/z-2)(2/0 (Even) 

and 

1 • 3 • 5 (2/i-3)(2/2-l) . (Odd) 
His ideas are condensed a^^ follows: factoring out a 2 from each component of (Even) 
yields 2"'n\ as a closed form of an "even factorial"; since the product of (Even) and 
(Odd) is (2^0', an "odd factorial" closes to 

(2/2)! 
2'^-/: ! ' 

Professor Farnsworth's piece moved me to recall some long-lost work of my own 
and led me to consider a generalization of his results -then more. Here is a synopsis 
of my investigations. 

I looked first at the "naturaT' extensions of (Even) and (Odd) to product s in which 
the factors are in (finite) arithmetic-progression, being either multiples of a fixed 
positive integer k, as with 

k'2k'^k \(n~m(nk\ (O^J 
or taking the form (ik + 1), where / ranges from 0 to/z-l, as in the product 

(!)(/: + l)(2A'+l)...((;2-2)A- + l]f(/2-l)/: + l]. (I^J 

Both expressions comprise n factors; I will soon explain their strange-looking labels. 
Please note that (0^.) and (1;.) reduce respectively to (Even) and (Odd) when A: = 2 and 
that each lakes the value of/z! when A: = 1. 



Being amenable to the identical manipulation used to evaluate its particular case 
(Even), the product (Oyr.) is receptive to "closure": 

k-2k'3k-...'[Qi-\)k]{nk) = [k-k-k- ...'k'k][l^2'3' ...'{n-l)n] {n factors of/c) 

^k^'-nl. 

Expression (1^.) is less closure-friendly since, when k>2, multiplication by its com- 
panion (0^.) leads to neither a factorial nor another recognizable quantity. When A: = 3, 
these expressions are 

3-6-9-...-(3/2-3)rv0 (O3) 

and 

1- 4-7-...-(3/r-5)(3/2-2), (I3) 

whose product is 

(l-3][4.6][7.9] ... [(3/2~5)(3/2--3)][(3/z~2)(3/0] • 

And, (3/2)1 is among the many things this product is not. A third arithmetic progres- 
sion product is needed to fill the gaps and fashion (3n)\. This is 

2- 5-8-...-(3/i-4)(3/i-l), (23) 
each of whose factors leaves a remainder of 2 upon division by 3. Here lies a faithful 
analogue to the origin* jdd-cvcn situation: in the = 2 case, interlacing the factors 
in two products (the even and odd factorials) fills out (2;i)!. This creates a closed form 
for the odd product, each of whose factors has a value of 1 mod 2, in terms of a product 
already found for its even partner, which comprises factors that arc 0 mod 2. (Hence, 
the unusual labelling scheme.) When A: = 3, three arithmetic-progression products 
must be employed to compose (3/i)!. And so it goes. 

Thus, a revised generalization of the odd-even factorial question: the general case 
of "modulus" k calls for not only the two products (0^.) and (1;^) but a family of k 
products, whose members are 

(OA' + l)(lA'-f 1)(2A' + 1) ... [(/i-2)A- + l][(/2-l)A- + l] (^ 

(0A:+2)(lA + 2)(2A+2) ... [(/2-2)A + 2][(//-l)i^ + 2] (2^,.) 

(0Jt+/)(lA +/)(2A+/) ... [(/2-2)A+/][(/2-nA+/] (if.) 

(OA + (jt-l))(lA + (/c-l))(2/< + (/c-l))...[(/2-2)A + (A'-l)][(/2-l)A + (A-l)] ((^-1);..) 

(0A + A)(1A+A)(2A'+A) ...[{n-2)k -\-k\l(n-\)k -\-k]} (OJ 



ril choose the name arithmetic-progression factorial for any product of this type, whose 
generic form is (if.). For each pair of positive integers n and k, the members of this 
family multiply to a grand product of (A/2)!, affording some hope of finding a closed 
form for the arithmetic-progression factorial (Ij^.) — and, perhaps, its siblings as well. 
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Once again, FU illustrate by specifying to k = 3. Here, (3/z)! is the product of the 
"big factors" (I3), (23), and (O3): 



[l-4-7-...-(3/z-5)(3/z-2)][2-5-8-...-(3/z-4)(3/z-l)][3-6-9-...-(3;2-^ 

Since the third factor has value 3^^ -/zl, ihis identity "solves" the problem of evaluating 
the arithmetic progression factorial (I3): 

l-4-7-...-(3/z-5)(3/z-2) = . (B.) 

[3''-/z!][2-5-8-...-(3/z-4)(3/2-l)] ^ 

Of course, the answer on the right is worse than the question on the left, as this 
pseudo-solution is even more complicated and itself contains an open-form factor! 
Realizing this, I mourned an hour of apparently misbegotten effort and continued 
working with a consolation prize — the product of the two unknown expressions (I3) 
and (23). Returning to (A3) and dividing by only the third big factor results in 

[l-4-7-...-(3/z-5)(3/z-2)][2-5-8-...-(3/z-4)(3/z-l)] = , 

3''-;z ! 

from which something tangible can r»o salvaged. First associate pairs of consecutive 
integers to obtain 

[l-2][4.5](7.8i...[(3/z-5)(3/z-4)]((3/z-2)(3/z-l)] = . 

Next observe that since - ^"^^^^ ^ \ each pair is twice a binomial coefficient. This 
observation inspires rewriting (3/-2)(3/-l) as 2! . Since the left-hand side of 



2 

the previous identity consists of the product of (3/-2)(3/-l) for / ranging from 1 to 
n, pushing the n factors of 2! to the denominator of the right-hand side and using 
(2!)" -3" = (3!)" leads to a product of binomial coefficients: 

2^ {5\ {%\ {?>n-A\ (Zn-l\ (3/z) ! 

(3!)''-/z ! * 



2 2 2 



Similarly, for /: = 4, the decomposition 

I1-5-9- ... •(4;z-7)(^/z-3)](2-6-10- ... • (4;z-6)(47z --2)] 

[3-7-11- ... •(4;z-5)(4;z-l)](4-8-12- ... • (4;z-4)(47z)] = (47z)! 

hints at dividing by the fourth big factor (in the form • n\) and regrouping the 
surviving pieces of the left-hand side into triads of consecutive integers. The result is 

[l-2-3][5-6-7]19-10-ll] ... [(47z-7)(47z-6)(47Z-5)]l(47z-3)(4' ^ , = -^^^ 

4''-;z! 



Here, as a consequence of 



V 



(4/-3)(4/-2)(4/-l) = 3! 



4i--l 



each three-factor grouping on the left is the product of 3! with a "choose-three" 
binomial coefficient. The same arithmetic that was successful for A: =3 leads to 



4/Z-5 
3 



4ft-l\ (4/z) ! 

" (4!)''-/z ! 



A general pattern has now been revealed. It appears as if the identity 



k-l 



2k-l 
k-l 



3k-l 
k-l 



{n-l)k-l\ (nk-l\ (kn) ! 

(klf-n ! 



k-l 



k-l 



holds for all k>2 {dnd n > 1), and I invite you to demonstrate this discovery by 
considering the entire family {(/;,)}. In the underused "H'^o^^^^o^" products, this 
identity reads as 



'ik-l\ (hi) ! 



/ = i 



n n = 



(k If-n ! 



This relation, inductively discovered by starting with k = 3, also holds when /c = 2, as it 
then reduces to (Odd) and its closed-form equivalent. Since both sides have value 1 
when k = l, the identity extends "down" an additional case. 

Of course, this discovery doesn't speak to the original question of finding a 
closed-form expression for the arithmetic-progression factorial 



iQk+l)(yc + l)i7k + l) ...[(n-2)k + l][(n-l)k-\-l] 



In the spirit of the professoriate, I've answered a question other than the one asked. 
Rather than an answer to a generalized question, this discovery describes a "Jco- 
pardy"-like question for a generalized answer. Professor Farnsworth's (specific) 
question "What is 1 -3 • 5 • ... • (2/z -3)(2/i - 1)?" led to his (specific) answer 



(2!)"-n» 



which I have extended to 



(k\f'n ! ' 

Were this expression to be revealed under the "Factorials" category of some futuristic 
episode of "Jeopardy," the generalized question 



"What is Y\ 



ik-l 
k-l 



would be an unimpeachable response! 
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Still, what about the abandoned question of evaluating the product (1 J? Well, you 
may recall that an answer has been manufactured for the A: = 3 case: the unsatisfying 
nght-hand side of (B3). By reopening 3"'nl into 3 • 6 • 9 • ... • (3« -3) (3/1), grouping each 
factoi with the adjacent integer in 2-5 -S - (3/z-4)(3/z-l), and identifying the ensu- 
ing pairs as binomial coefficients, this answer assumes the somewhat more glamorous 
form 



(3/0 ! 




— which, however, remains an order of magnitude more complex than the question. 
Similar unnicetics can be similarly obtained for other values o^k? 

Aside from its complexity, the above '^answer" corrupts the spirit of Professor 
Farnsworth's quest, which is to find closed-form expressions for arithmetic-progres- 
sion factorials. This brings me to my final point, which lies within the purview of both 
the philosophy and the linguistics of mathematics. In this paper, I've applauded 

(k If-n ! 

for being in closed-form and scorned (among other expressions) 

..4.7.....<3„-5,<3„-.,a„d(3)(^)(^)...5-3)(^.) 

for their indeterminacy. Yet are closed- and open-form expressions necessarily as 
distinct in character as we make them out to be? Please consider your answer -then 
my claim that the only distinction between 

l-2-3-...-(/z-l)/z (in the dreaded open-form) 

and 

nl (in the celebrated closed-form) 

is that the latter is a familiar, universally accepted nickname for the former. Yet I 
don't perceive the nickname nl as intrinsically superior to 1 •2-3- (/z-l)/i —since, 
being a humanly created abbreviation, nl isn't intrinsically anything! It is closed-form 
by dictate, by fiat, by definition, and by contrivance: some folks wearied of writing out 
the product of the first n positive integers and, having failed to express this product 
in terms of quantities known to them (as had long before been done with the sum of 
these selfsame integers), they chose to create a name ("/: factorial") and a nickname 
(**/i!") for it. A nickname and a name — no more and no less.*^ 

As a community, mathematici ans have chosen to name ubiquitous open-form 
expressions such as 1 • 2-3 • (/i-l)/z, xx-... x, and 

/z(/z-l)...(/z-r-H) 
1-2-...T 
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and to promulgate their names within both the classroom and the ambient culture, 
while eschewing names for the likes of 

This product could be honored with its own appellation -but why bother to christen 
a quantity or object likely never to be heard from again? Still, I think we should 
acknowledge that many of the **simple" expressions we work with derive their 
"simplicity" from the fact that they are mere chosen nicknames for frequently occur- 
ring quantities. I recall reading a comment by Neil Postman, a brilliant crUic of the 
good, the bad, and the ugly in human communication, to the effect that language and 
meaning are made not only by the definitions we give to words but also by our choices 
to create definitions and names for certain objects and not for others. (Unfortunately, 
I cannot locate the reference.) The activities of mathematics and mathematics educ- 
tion, each of which is tantamount to no more and no less than meaning making 
mediated by language, are no exceptions. 

Notes 

^ Please note that I've purposefully complicated the writing of the "eldest" members 
(Of.) and (Ij^) so as to make them fit in with their relatives. Also, Tve kept the 
denotation of (0^^) for the last-written expression, although this breaks the convention 
of tagging each product by its first factor. For consistency, think of a product as named 
by the residue mod k of each of its factors. 

- If you are despairing of ever seeing a pithy equivalent to (1^), fear not. The magic 
wand of the gamma function can be waved to evaluate this product and also the other 
members of the family {(if^)} (Abramowitz & Stegun, 1965, p. 255; see also footnote 4 
below). I find this connection to be spiritually pleasing, inasmuch as this family is in 
a sense a generalization of the factorial function (for the degenerate case /c = 1, the 
"only child" (Oj^) has value /j!), as is the gamma function. 

^ I think it's important to distinguish between contrived closed-form expressions (e.g., 
;i!) and more "naturally" arising ones such as although mathematical ex- 

tremists might protest that "/i" is just as humanly created as/i !, being itself a nickname 
for the open-form expression 1 + 1 + ... + 1 with n summands. 

^ An expression such as l-4-7'...-(3/i-~5)(3/i-2) falls somewhere between these 
extremes, with its nickname V f}/Vi — known to a proper subset of all mathe- 

malicians and scientists but very few other humans. It's also interesting to note that 
(Even) and (Odd) themselves respectively enjoy the quasi-common "double-factorial" 
nicknames of (2n)\\ and (2«-l)l! (Abramowitz & Stegun, 1965, p. 258). 
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Computer algebra systems (CAS) such as Derive, Maple and Mathematica arc 
influencing the way we teach mathematics. With the assistance of CAS, we can 
examine new avenues for exploring old problems, and perhaps gain new insights. For 
this paper, we take a close look at the fact that the limit of "the secant line" is "the 
tangent line." We recast this situation in the notation of polynomial approximation 
and view the secant line as the Newton polynomial Pj(x) of degree one passing through 
the two points (.Vq, fCvo)) and Cvq + Zz, f(.Vo + /0)- The tangent line is the Taylor 
polynomial 

TiW = f(xo) + f 'Cvo)(x-Xo). 
It is well known thatTi(A:)isthelimitofPi(AO as/i-^0. Figure 1 shows f(A-) = e^^'^cosC^*) 
and the linear approximations Tj(.v) andPj(A.*) based on aTq = Oand/i 




PiCv) 



>; = f(.v) 



-15 -1 ^5 0 05 1 15 



Figure 1. Graph of fU), Fj (x), and T^{x) (dashed line). 
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This article shows how the Newton polynomial P^Cv) is derived on a given interval. 
The computer algebra system Mathematica is used to assist with the construction of 
P^(a') and to demonstrate that the limit of a certain sequence {?^{x)} of Newton 
polynomials is the Taylor polynomial T^{x) of degree n . Hence, the Taylor polynomial 
is visualized as "the limit of approximating polynomials" and is imagined to be "the 
tangent polynomial on the given interval. 

Preliminary Results 

Isaac Newton developed and refined methods for fitting polynomials to curves in 
the second half of the fifteenth century (Whiteside, 1976, Vol. IV, pp. 14-73; Vol VIII, 
pp. 236-257). In the early 1690's he used these methods to calculate the apparent path 
of a comeiit from individual sightings of its orbit (Whiteside, 1976, Vol. VII, p. 672). 
Today Newton polynomials are a familiar topic in numerical analysis (cf. Mathews, 
1987, p. 186), and take the following form: 

The Newton polynomial of degree /i = 1 is 

PiCv) = Jo ^i(-^-^o)- (1) 

The coefficients in equation (1) are determined by forcing ^i{x) to pass through the 
two points (jtq, i{x^)) and {x^-^h, {{x^ -f h)). This leads to the linear system: 

Jo + a^{x^-x^)^ f(^o) 

flo + ^iCvo + ^i--^o)= ^'(-^o'^'O, (2) 

f(^o+/0-^'(-^o) 

the solution of which is = {{x^) and = . Hence, the polynomial 

P^(ji:) can be expressed in the form: 

Fi W = f(^o) + - ^o) . (3) 

Assuming that f(A-) is differentiable, and letting h approach zero in equation (3), we 
find that the limit of the Newton polynomial ?i(x) is the Taylor polynomial T^(x)y i.e. 

hm ?^{x) = f(.Vo) + hm (x - Xq) 

h-O /i-»0 " 



= f(j:o) + f'(-^o)(-^-^-o)=TiW. (4) 

A similar phenomenon occurs for quadratic polynomials. We begin with the 
Newton polynomial 

?2ix) =aQ + Oiix - Xq) + a^ix - Xq)(x - x^) . (5) 



21 



The coefficients in equation (5) are determined by forcing to pass through the 
three points (Xf^, {(Xf^)) for .v^ = Xq + lik and ^=0,1,2. This leads to the lower-tri- 
angular linear system 

Oq -\- h = f(jCQ + h) 

-^TJiGy-^ Vra^ = f(.Vo + 2Ji). (6) 
This system can be solved by forward substitution to obtain: 

fCvo + It) - {(x^) f(Ao) ~ 2f(/z + X,) + f(Ao + 2/0 



2!/z 



Thus the polynomial takes on the form: 



?^(x) = ((Xq)-\- 7 (x-Xq) + — (A'-Ao)Cv-Xi) . (7) 

2! /z" 

Using the notation li = Av, the coefficient a-, can be viewed as one half of the second 

order Newton difference quotient . It is well known that is the forward 

^ Ax- Ax- 

difference approximation for /"(-^o)> tends to this quantity as h 0. Thus, wc can 
conclude from equation (7) that the limit of the Newton polynomial P')(a*) as/z 0 is 
the Taylor polynomial T-,(a'): 

fCto+;0 - f(Ao) 
hm ?2(x) = f(Ao) -h hm (a--Ao) 



+ I'm — ^ (.v-.vo)(.v-.vo - /!) 

/i-o 21 /i" 



= f(-Vo) + f ' (■'^o)(-^-^o) + (^--^0) = T"2(-V) • (») 

The software Malhematica can solve systems, differentiate and find limits. Addi- 
tionally, it can symbolically manipulate quantities involving an arbitrary function f(.r). 
The dialogue for establishing (4) starts by defining the function PI [x] in equation (3): 

Pl[x^,xO_,hJ f[xO] + (f[xO+h]-f[xO])(x-xO)/h 
f j^O] + ^^^^ (-ffxQ1 + f[h+xQ]) 



9 ^ 
00 - ' ^ 



We then invoke Maihematica*s Limit procedure and let h 0. As anticipated, the 
result is the Taylor polynomial of degree n = 1: 

Tl[xJ = Limit [PI [x,xO,h],h->0,Analytic-> True] 
f(xO] + (x - xO) f ' [xO] 

CAS Investigation of Polynomials of Higher Degree 
A natural question to ask now is: "What about polynomial approximation of higher 
degrees?" Exploration of the Newton polynomials involves complicated symbolic 
manipulations and is prone to error when carried out with hand computations. These 
derivations can become instructive and enjoyable when they are performed with 
computer algebra software. 

Let P3W be the Newton polynomial that passes through the four points (jc^, i{Xf^)) 
for = ^0 A: = 0, ... , 3. It may be shown that the Taylor polynomial T-^ix) 

is the limit of P3CV). 

We shall use the power oi Maihematica to assist us with this derivation. We begin 
by setting y(x) equal to the general form of a Newton polynomial by issuing the 
following Mathematica commands: 

n = 3; 

Vars =TabIe[a[k],{k,0,n}]; 
Eqns =Table[0,{4}]; 

y[xj =Sum[a[j] Product[x-xO-h i,{i,OJ-l}],{j,0,n}] 

The output generated by the computer is: 

a[0] + (x-xO)a[l] + (x - xO) (-h + x - xO) a[2] + 
(x - xO) (-2h + X . xO) (-h + X - xO) a[3] 

Now we form the set of four equations that force the polynomial to pass through 
the four equally-spaced points: 

n = 3; 

Do [Eqns [ [k + 1 ] ] = y [xO + k*h] = = f [xO + k*h] ,{k,0,n } ] ; 
TableForm [Eqns] 

a[0] = = f[xO] 

a[0] + h a[l] = = qh + xO] 

a[0] + 2h a[l] + 2h^ a[2] = = f[2h + xO] 

a[0] + 3h a[l] + 6h^ a[2] + 6h^ a[3] = = f(3h + xO] 

Then we solve this linear system, construct the polynomial P3CV), and store it as the 
function P[x,xO,h] (since it involves the additional parameters jcq and h). 
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Solutions = Solve [Eqns,Vars]; 

Solutions = First[MapAll [Together,Solutions] ]; 

Y = y[x]ASolutions; 

P[x_,xO^,h_] = Y 

ff,0^ ^ (x^xQU-nxOI+qh + xQ]) ^ 

fx - xO) (-h + X - xQ) (f[xO] - 2f[h + xQ] + f[2h -f- xQ]) ^ 

(x-xQ) (-2h+x-xQ) (--h+x-xQ) (-ffxO] + Sflh+xQ] - 3f[2h+xQ] + fl3h+x0]) 

6 

Finally, we compute the limit to verify that our conjecture was correct: 
T[xJ = LimU[P[x,xO,h],h->0,AnaIytic->True] 

f[xo] + (x-xo) f'[xo] + — ^ ^ — 6 — 

Eureka! The limiting case of P3(Ar) as -> 0 is the Taylor polynomial T3(a'). 
Observe that the option Analytic- > True must be used in Mathematical s limit proce- 
dure. This is a mathematicians way to tell the computer that i{x) is "sufficiently 
differentiable." 

An Example 

It is instructive to visually see how the Newton polynomials converge to the Taylor 
poiynomial. For illustration we use the function fCv) = e^''*^cos(x) and the point Xq 
= 0. We then draw the graphs of Newton polynomials with /i = 1/4 and /i = 1/16 and 
compare them with the Taylor polynomial. First, we enter f into the session by typing 
f[xj = Exp[x/4]Cos[x1 . Then we use the built in A/fl//2e/?iGr/cfl command Series to 
generate the Taylor polynomial for f(,v) centered at ,Yq = 0 of degree 3: 

T[xJ = Normal[Series[f[x],{x,{U}]] 

X ^ 15x^ _ 47x^ 
4 32 384 

Figure 2 shows a comparison of the Taylor polynomial T^ix) and f(A')'. 

j;rlO]=I>Iot[TIx],{x,-4.7,3.5},riotUanse-> {-3.0,1.2}, 

IMotStyle->l)ashingl {0.02,0.02}], 

Ticks-> { Rangel-4,3,l],Rangel-3,3,l ] } 1; 
jirf=lMotlflx],{x,-4,7,3,5}JMotRanKe.> {-3,0,1,2}, 

lMotStyle.>TlucknessI0.006], 

Ticks->{Range(.4,3,l],Ranoe(-3,3,ll}]; 
ShowlgrrgrjO]]; 




Figure 2. f(x) and T^ix) (the dashed curve). 

Figure 3 compares P3(x,0, 1/4), the Newton polynomial with Xq = 0 and /z = 1/4, 
and the four equally-spaced points on which it is based. This gr* nh was obtained by 
issuing the subroutine call graph[l/4]. The syntax for the subioutine graph [h] is 
listed in the appendix. 



y 




Figure 3. P3(jc,0,1) and f(jc) (the "thick" curve) 

We can easily obtain a comparison of f(A-) and ?^{x) for smaller and smaller values 
of h. The command graph[l/16] constructs P3(jr) for /2 =1/16 and stores it in 
gr[l/16]. Then the following command graphs the Newton polynomials for h =1/4 
and/z =1/16, along with the original function f(A*) and its Taylor polynomial T3(a:): 
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Show[{grf,gr[0],gr[l/16],gr[l/4]}]; 



.>. = T3(.v) 1 

\\\ ■? ■? >^ 




^ — ^ / -1 


1 ^2 3 


y = P3(;c,0,l/I6) / 








/ -3 




-4 





3; = P3(x,0,l/16) 

Figure 4. f(jr) (the "thick" curve), V^ixfiM^), P3(x,0,l/16) (closest to the 
dashed curve) and 73(0:) (dashed) 

The General Case 
The command to form an arbitrary Newton polynomial is: 

Sum[a[j] Product[x-xO-h i,{i,0 j-i}],{j,0,n}] 

and was used in the above derivations. Proceeding to an arbitrary case is ac- 
complished by merely changing the value of n to some value other than n =3. Ex- 
perimentation has revealed that Mathematica can quickly solve the general case for 
degrees up to n =9. 



Concluding Remarks 

We have shown how a CAS such as Mathematica can be used in a meaningful way 
to make mathematical exploration enjoyable, even when computations become 
laborious. One should note that the CAS is limited in that it is unable to solve our 
problem for a general case (^1 arbitrary), but rather requires specific values of /a. The 
interested reader is encouraged to formulate a proof for such a general case. 

Appendix 

The following is the listing of the subroutine for plotting the Newton polynomial, 
the points which it is to pass through, and the Taylor polynomial. The programming 
language is Mathematica. 

graph[hj := Block[{}, 

xys =Table[{h(k-l),f[h(k-l)]},{k,4}]; 

dots = ListPlot [xys,PlotStyle- > { PointSize [0.02] } ] ; 
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grf =Plot[f[x],{x,-4.7,3.5}, 
PlotRange-> {-3.0,1.2}, 
Ticks~>{Range[.4,3,l],Rangel.3,l,l]}]; 

gr[h] = PIot[P[x,0,h],{x,.4.7,3.5}, 
PlotRange-> {-3.0,1.2}, 
PlotStyle- > Thickness [0.002] , 
Ticks->{Range[.4,3,l],Range[.3,l,l]}]; 

Show[{grf,gr[h],dots}]; ] 
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Side by side, 
in a class by themselves. 




Texas Instruments designed 
the TI'81 and 71-85 Graphics 
Calculators with leading mathe- 
matics educators and instructors 
w ho have years of valuable class- 
room experience. As a result, 
our graphics calculators arc 
px/vverful and easy to use. 
W Since they take similar 
' approaches to graphing, 
tracing, zooming, mode and 
range serrings, they can be 
used side by side in the same 
classrcx'jm. 

Easier to use than any other. 

The TI-81 gi\'es students flexi- 
bility in approaching algebm 
and prccalculus problems. With 
the TI-81, they can perform 
graphical, numerical or statistical 
analyses and easily switch 
between them. In addition, the 
Tl-Sl's uncluttered screen, kev- 
bc\nrd and pull-down menu system 
make it easier to use than any 
other graphics calculator. 

The TI'85 can take you out 
into the world. 

The powerful TI-85 will take 
college math, science and engi- 
neering students from freshman 
calculus through graduation and 
into their professional careers. 
In addition to specific function- 
ality for calculus, linear algebra 
and a built-in equation SOLX'ER, 



the TI-85 can graph, analyze and 
store up to 99 functions, para- 
metric and polar equations and a 
system of nine first-order differen- 
tial equations. It manipulates 
matrices up to 30x30 and offers 
32K bytes of RAM. 

An I/O port for data sharing. 

^X'ith a built-in input/output 
port and a cable supplied as 
standard equipment, TI-85 users 
can share information quickly 
and easily. Instructors can prepare 
examples for lectures and transfer 
them to a TI-85 ViewScreen™ for 
presentation, share examples 
with their colleagues or pass 
them along to students. Students 
can share their discoveries with 
on/- another. 

Bot ^ calculators offer a 
ViewScreen which presents a cal- 
culator's screen image on an over- 
head projector to the entire class. 

Whether your classes are 
secondary or college level, you 
owe it to yourself and your 
students to find out why the 
TI Graphics Calculators truly are 
in a class by themselves, lb learn 
more, call l-SOOTLCARES. 
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On Finding the General Term of a Sequence 
Using Lagrange Interpolation^ 

by 

Sheldon P. Gordon and Robert Decker 

Suffolk Community College University of Hartford 

Sclden,NY 11784 West Hartford, CT 06117 

Shelly's mathematical interests involve the use and implica- 
tions of technology on mathematics. He is co-director of the 
Math ModelinglPrecalculus Reform Project and a member of 
tiie Hansard Calculus Reform project. 

Bob is also interested in using technology to enhance the teach- 
ing of mathematics at all levels in the undergraduate cur- 
riculum. He gratefully acknowledges the National Science 
Foundation for grant number USE-9I-53298 to support his 
work in calculus refonn. 

We are all familiar with the story of Gauss' teacher who assigned the class ihe 
makework chore of summing one through 100 only to be pestered in moments by Gauss 
who presented not only the correct answer, 5050, but also the general formula for the 
sum of the first n integers. Unfortunately, few of us are blessed with such insight (let 
alone with students of such a caliber). Therefore, whenever we encounter a similar 
problem involving finding the general term for a sequence, we arc far more likely to 
apply Edison's prescription of 2% inspiration mixed in with 98% perspiration. 

In the present article, we will consider an effecti%'e method for determining the 
general terms of certain sequences. This technique involves little, if any, effort, 
especially if appropriate computer software is available. The sole limitation or. the 
method is that it requires the general term to be of purely polynoir.ial form with 
rational coefficients. 

We will illustr?.te the approaches with two examples. The first involves finding a 
formula for 

i^' (1) 

A-=0 

The terms of this sequence are 5q = 0^ = 0,5j = 0^ + 1^ = 1,52 33,53 = 276,... 
The second example involves finding an expression for the general term in the 
sequence 

1,8, 35, 112, 294, 672, 1386, 2640, 4719, ... (2) 

^Sheldon Gordon gratefully acknowledges the support provided to the preparation of this article 
under NSF grants #USIZ-91o0440 and #USE-89-53923 for the Harvard Calculus Reform 
Project. However, the views expressed here do not necessarily reflect those of cither the 
I-oundation or the Projects. 
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for n = 6, 8, 10, ... which is adapted from a problem which arose in a separate 
investigation (Gordon, 1991) involving the patterns in the coefficients when cos n6 is 
expanded. We should anticipate that the formula for the summation (1) will involve a 
polynomial of degree 6 in n. (In general, the formula for IkP is always a polynomial 
of degree p + 1; see Paul, 1985 and its references.) Alternatively, we might notice that 
the sequence of partial sums satisfies the difference equation 

Therefore, the rules for applying the discrete formulation of the method of under- 
determined coefficients would also indicate using a sixth degree polynomial. As for 
the sequence (2), we would probably have little feel, if any, for what the pattern should 
turn out to be. 

Lagrange Interpolating Polynomials 
Our suggested approach is based on the use of the Lagrange interpolating polyno- 
mial of degree /i, 

n 

where 

^ _ (^-Ao)(a-^^) . . . (x—Xf^^^) (x-Xf^^^) . . . (x-x^) ^ " X-Xj 
(^'k'^^o) (^k'^^l) ' • • i^k'^^k-l) (-^^""^/c+l) • • • (^k'^^n) j=o ^k'^^j 

Notice that L^^ix^^) = 1 for any A: = 0, 1, n since all factors cancel out. Further, if 
/ ^ k, then Lf^(Xj) = 0 since Lf^{x) contains the factor (x — Xj). Therefore, P^jiXf^) = 
f(Xf^) Lf^(Xf^) = /(r^) for each/:. Thus, P„(;c) is a linear combination of /i + 1 polynomials 
of degree n which passes through each of the n + l points (x^.y^), (x^,y^), (x„,y„). 

To apply this to the problem of finding the general term of a sequence, we simply 
use the indices 0, 1, 2, 3, n as the A:-values and we use either the partial sums 

0, 1, 1 + 2^ = 33, 1 + 2^ + 3^ = 276, ... 

of the series (1) or the actual terms of the sequence in (2) as they-valucs. Working 
the first example by hand using the first 7 terms. 
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1 


L 2 


3 
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0 


1 


33 


276 
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we obtain as the Lagrange interpolating polynomial 



(a:-1)(.v-2)(^-3)...(^-6) (x-O) (x-l) (x-S) . . . ix-6) 

(0- 0(0-2)(0-3) . . . (0-6) (1-0) (1-2) (1-3) . . .(1-6) 

(A:-0)(^-l)(^-3)...(Ar-6) (x-O) (x-l) (x-3) . . . (x-5) 

(2-0) (2-1) (2-3)... (2-6) (6-0) (6-1) (6-5)... (6-5)' 
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which is a polynomial of degree 6. 

Using a computer program (written by Sheldon Gordon) which calculates, graphs 
and displays the formula for the Lagrange interpolating polynomial through any 
desired set of points (a similar function is available through the MathCad package) , 
we find (within seconds) that the corresponding polynomial is: 

0.166666/ + 0.5jt^ + 0.416666/ - 0.083333 / 

for the partial sums. We first consider how to deal with this expression. To begin, we 
observe that the lead coefficient 0.166666 is essentially 1/6 and we therefore factor it 
out of the polynomial to obtain, after some judicious rounding, 

/ + 3Lv^ + 2.5x^ ~ 0.5v' 1 6 ^ 1 ^ ^ 5 4 1 2 ^ x^jTx^ + 6x^ + Sx^'-l) 
6 ^ 6"^ ^n"" ^ 12 

In terms of n, this gives 

A 5 _ /i^(2;i'^ + 6/i^ + 5;r-l) _ ir (n + l)- (7ji^ + n-\) 

k ^ n = n ^ 

which is the general formula for the sum of the fifth powers. Once such a formula is 
produced, we can prove it using the standard type of induction argument. 

In a similar way, we consider the sequence of numbers in (2) as input to the same 
program in the form (6,1), (8,8), (10,35), ... and so obtain the polynomial 

0.000043403/ - 0.00086806/ + 0.0027777?/ . 

We might be tempted to expect that the polynomial has rational coefficients. As such, 
based on our experience above, we might consider the multiplicative inverse, 23039.88, 
of the lead coefficient, so that the lead coefficient is essentially 1/23040. Using this, 
the polynomial factors as 

/ - 2q/ + 64x^ ^ /(/-4)(/-16) 

23040 23040 ^ ^ 

after some judicious rounding to undo the effects of the computer's initial roundings. 
Thus, in terms of /z, we find that the general term for the sequence is 

j?{t?-A) (/z^-16) . g 

23040 ^ ^^ = 6,8,10,.... 

It is simple to verify that this is indeed correct for the data values given. 

We note that if less than nine decimal accuracy is used for the coefficients in 
example 2, we might well miss the fact that the lead coefficient is 1/23040. In turn, this 
would distort the judiciously rounded values for the other coefficients when the lead 
term was factored out. We can circumvent this potential problem by factoring out the 
lead decimal coefficient. Then, assuming that 



p{x) = ^~jCr^ - 20.0000000/ + 63.99965440;c^), 

we can substitute in any of the points, say (6,1), to determine algebraically the ratio 
A/B as a fraction. 

We note that one characteristic of the Lagrange interpolating polynomial is that if 
a polynomial of degree less than m fits the given m 4-1 points, then the formula 
automatically "collapses" to produce that lower degree polynomial. This is precisely 
what occurred in the second example above where we used nine points which we would 
expect to lead to an eighth degree polynomial. Thus, in trying to determine a polyno- 
mial relationship that fits a set of data values, it might seem that the best strategy is to 
use aii the values available. However, that approach could be misleading. That is, if 
we have seven data points available and use all of them, then the Lagrange method 
will produce a polynomial of degree six (or less) that passes through all of the points. 
It is conceivable, though, that the actual pattern might be described by, say, a tenth 
degree polynomial (or no polynomial at all) and we would have no way of checking if 
the result is correct. 

Consequently, a more intelligent approach might be to use one less than the 
maximum number of known points, find the corresponding interpolating polynomial, 
and then check that the remaining point fits it as well. If it does, it provides a good 
indication that the result is correct. If the last point does not fit, then we can use all 
of the points, obtain the maximum interpolating polynomial based on the data, and 
hope that it is correct, pending obtaining additional data values. 

To illustrate the potential pitfalls in making too definitive a decision, consider the 
sequence: 

0, 0, 0, ...,0, ^%,^^Pi,^'P2> - 

for /I > 1 whose first 10 terms are zero and whose subsequent terms are given by "^P^ , 
the number of permutations of m objects taken r at a time. Based on the first six or 
eight terms only, we would likely conclude that the sequence is identically zero. 
However, if the later terms are also noticed, then the pattern is radically different and, 
in fact, is given by 

(/2-l)(;2-2)...(;2-10) for all ;2. 

Using Derive to Determine tlie Polynomial 
Alternatively, it is possible to apply some of the common computer algebra systems 
to perform some of this work in rational form. To illustrate this, suppose we apply 
Derive. We first write the Lagrange interpolating polynomial as 

where = x^^ andj?^ = /(x^), for each/:. We construct this formula in Derive in several 
steps using the Author command. First, we must declare V and Y to be vectors of 
dimension N. Then Author 



ELEMENT (Y, K) 
which becomes Expression #x. Next, Author 

PRODUCT ((X-ELEMENT(\y))/(ELEMENT(V,K) -ELEMENT (V,J)) J,1,K-1) 
which becomes Expression #2. Then Author 

PRODUCT ((X-ELEMENT(V,J))/(ELEMENT (V,K)-ELEMENT (VJ)) J[,K+1,N) 
which becomes Expression #3. Finally, Author 

SUM(#1#2#3, K,1,N) * 
which becomes Expression #4 and is identical to the above formula for the Lagrange 
interpolating polynomial. 

This provides a simple, one-line formula for the interpolating polynomial in Derive. 
To find the sum of the fifth powers of the integers, we use the Manage-Substilutc 
option to make the following substitutions: 

7F0RN 

[0,1,2,3,4,5,6] FORV 
[0,1,33,276,1300,4425,12201] FOR Y 

Upon using the Simplify command, we get precisely the expression obtained pre- 
viously for the general term of the sum in exact form. 

Advantages of Using Interpolating Pol^-nomials 
Finally, we note that if we assume the general term of a sequence is a polynomial 
of degree n in x 

we can substitute pairs of data values into the polynomial to obtain a set of /i + 1 
equations in the /i + 1 unknowns to determine the coefficients. The resulting system 
can be solved using standard linear algebra methods, such as Gaussian elimination, 
using appropriate software, preferably a package which performs the operations using 
rational arithmetic to avoid the rounding problems inherent in floating point arith- 
metic. 

Despite the wider availability of linear algebra software packages, the authors' 
preference is the interpolation approach. It involves considerably less typing. (Com- 
pare the need to input a 7 x 8 matrix instead of just seven pairs of points.) Second, 
it is faster, particularly if we want to experiment with different sets of points. Last, 
and perhaps most important, it seems less sensitive to successive rounding errors 
caused by the large range of values used by the data in sucn a problem when using 
programs based on floaiing point arithmetic. In fact, this is pointed out in many texts 
on numerical analysis. See, for example, Gerald and Wheatlcy (1988, p. 183). 

Interested readers should contact Sheldon Gordon for information on the availa- 
bility of the Lagrange Interpolating Polynomial program used above. 

References 

Gerald, C. F. & Wheatlcy, P. O. (1988). Applied numerical analysis, (3rd cd.). Reading, MA: 
Addison-Wcslcy. 

Gordon, S. P. (1991). On />-sCcting an angle. 77ie AMA7YC Review 13 (1), 24-28. 
Paul, J. L. (1985). Combinaiorinl proofs of Pascnl's formula for sums of powers of the inicgcrs. 
American Mathematics Monthly, 92, 499-501. 



^ 3 J 




Absolute Yalues in 

From UBJ/Saunders College fjj^ 




C()LLE(;E ALGEBRA 



College Algebra, Tliird Edition 

College Algebra and 
Trigonometry, Third Edition 

Bernard Kolman, Drexel University 
Michael L Levitan 
Villanova University 
Arnold Shapiro 
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Hasty answers to deceptively simple questions often prove in error. As is evident 
in classical problems, wrong results can hinge on strategies of doubling or averaging. 
Well known from the pages of history is the Delian Problem of antiquity. This long-ago 
attempt at doubling the volume of a cube failed dramatically and tragically when each 
of the cube's edges was doubled. Nor did the 20 mile per hour trip from Athens to 
Delos and the 30 mile per hour return on the same Grecian road yield an average speed 
of 25 miles per hour for the entire journey (as the unsuspecting traveler might have 
thought)! 

Problems of such a kind, namely, those suggesting a careless doubling or averaging 
disposition, often conform on second thought to a good analytical procedure that leads 
to correct answers. One needs to look no farther than the farmer's peaceful pond in 
springtime to conjure up another puzzling predicament of doubling and averaging. It 
begins with a water plant of a single leaf. All generated leaves in this initial version 
are assumed to be of the same size when full grown. 

Problem 1. Suppose that the number of full-grown leaves on a water plant doubles 
daily so that an entire pond is covered, without overlapping, in ten days. If two plants 
are used, in how many days will the pond be covered? 

Is the answer five days? This is the impulsive response. Careful thought, however, 
reveals that the correct number of days is nine. By the ninth day, each of the two 
original plants will have given rise to a half covering of the pond. Thus, on the ninth 
day, the entire pond is covered. Beyond the ninth day, the nonoverlapping feature is 
lost if the generated leaves are restricted to the surface of the pond. 

What About Three Plants? 

Now suppose that three plants are used. How many days would then be required? 
The mere manipulation of a few whole numbers no longer suffices. 

Let us return to the two plant problem for a moment. At the end of.t days, a single 
plant results in 2^ leaves. (In the beginning (when jc = 0), there is but one leaf.] It is 
assumed that this growth pattern prevails for all real number values of .v in the 
appropriate time interval. Hence, two plants result in 2(2^) leaves. Moreover, 2^^ 
leaves cover the pond. Very simply. 




2(2^) = 2^0 => 2"'^^ = 2^^ => jc + 1 = 10 =>JC = 9. 
Using this strategy, the three plant problem will fall nicely in place. Accordingly, 

3(2^) = . 

As is quickly seen, whole numbers no longer suffice. More precisely, 

xlog2 = log2^^--log3 



X 



10 (log 2) ~ log 3 
log 2 



Decimally, x is roughly 8.41 days. It is obvious that the answer lies between 8 and 9 
if we consider that two plants cover the pond in nine days and four plants cover the 
pond in eight days. 

A Generalized Look 

The generalization to n original plants is fairly straightforward. In such a case, 

/z(2^> 2^^ 

2^ = — 
n 

X log2 = log 2^^ - log/z 

_ 10 log 2 — log/t 
log2 

Note also that log 2^^ must exceed \ogn if a positive number of days is required. As 
log 2^^ > log 72, then /2 < 2^^. Common sense also dictates this restriction on /2. 

Leaves of Different Sizes 
The plants above produced leaves of a same full-grown size. How might the 
analysis unfold in the event that the doubling pattern continues and all leaves 
produced by a plant are of the same full-grown size but leaves of different plants have 
different areas? 

Problem 2. Suppose one plant's leaves can cover the pond in ten days and the other 
in twenty days. Working together, in how many days will the pond be covered? 

At this point, there is likely some skepticism of an answer based on averaging; that 
is, 15 days just can't be right. Moreover, if the answer is jc days, neither does the 
following equation work: 

-^ + ^ = 1. 

10 20 
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This latter approach assumes that one day's contribution to covering is the same as 
that for any other day. Caution must also be exercised in comparing leaf sizes. It does 
not follow that a large leaf is twice the size of a small leaf. Instead, 

2^° large leaves = 2^^ small leaves, or 

1 large leaf = ^ =2^° = 1024 small leaves. 

Inx days, the two plants together cover Ihe pond. Hence, 

2^' large leaves + 2^ small leaves = 2~° small leaves 
2^°(20 small leaves + 2^ small leaves = 2-^ small leaves 
Therefore, we have 

2^'(2^° + 1)= 2'-0 

2-° 

2' = — 



2^°+l 



Iog2^-Q-bQ(2^Q+l) 
log 2 

Roughly, a: becomes 9.999 days. Interestingly, the plant with the small leaves makes a 
minor, virtually negligible, contribution to the covering of the pond. Note again that 
the plant with large leaves could provide a covering in only ten days. 

The generalization follows the same basic strategy as above. If one plant can cover 
the pond in a days and another plant in b days (where a is less than 5), then 

2^ large leaves = 2^ small leaves 
1 large leaf = 2^"^ small leaves 
2^ large leaves + 2^ small leaves = 2^ small leaves 
^b-a ^2^^ ^ 2' = 2^ 

X log 2= log 2^ - log (2^"^ + 1) 

log 2^ - 10^(2^-^^ -f 1) 
^'^ log2 

Ub ^ 2a, as happened above, then 

^ 2 log 2^ - log (2^ + 1) 
^'■^ log2 
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This is approximately ^J^^ or a. As before, the larger leaf plant provides virtually 
all of the covering. 

Conclusion 

There are other variations on this problem of the floating leaves. Perhaps the 
doubling process could be changed to one of tripling, or, generally, to one of multi- 
plication by a number k. A greater number of plants than just two but having variable 
leaf sizes comes to mind. Likewise, there are different starting time possibilities. And 
more, much more! Such are the many facets of the problem. All are characterized by 
a subtlety or complexity which misses the eye at first glance. 

A mathematical aside concerns the shape of the leaves, be they of fixed or varying 
sizes. It is theoretically possible to find shapes and sizes fitting the number choices 
of this overall problem so as to cover select ponds without overlapping. Whether or 
not Mother Nature will distribute and properly arrange these leaves is of course 
another matter! 
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recognition, and statistical quality control 



When sampling from a finite population is done without replacement, the resulting 
discrete probability distribution is known as the hypergeometric distribution. Ap- 
plications for the hypergeometric distribution can be found in quality control (e.g., 
acceptance sampling), ecology (e.g., capture-recapture method), and games (e.g., 
bridge). The paper by Henry, Smith and Trapp (1992) presents applications involving 
card games. In this paper we describe two methods that can be used to approximate 
hypergeometric probabilities: the binomial and normal approximation. They are 
appropriate for classroom enrichment, when the hypergeometric distribution is 
taught. 

To derive the density function for the hypergeometric distribution, suppose a 
population consists of a finite number of elements (A/> 1), and there are M elements 
of type I (0<M < A^) and the remainingA^-M elements are of type II. A random sample 
of size n (1< n<N) is selected without replacement. Let X denote the number of 
elements in the sample that are of type L Then X'>{) and X>n-N-^M [since the 
number of type II elements in the sample (n-X), cannot exceed the number of type II 
elements in the population (N-M)]; thus A" > max(0, n-N^M). Since Z < n and 
X < My X < min(/i,M). The distribution of the random variable X is known as 
hypergeometric distribution, and its probabilities are given by 

M 

p{x^k)= : — (1) 



where k is an integer subject to the restrictions max(0, n-N-^M) < k < min{n,M) 
(see Bain & Engelhardt, 1992). 









-k 
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Using the definition of j^'^j , a recurrence relation for hypergeometric probabilities 
can be obtained. Since 

(/z-r + 1)! = (/z-r+l)^!-^)! and r!=r(r-l)!, 



n\(n-r-\-l) _ /i-r+l / n 



n-k-\-l} " n-k+1 U^-^ j n-k+l [n-k j ' 



Substituting for and in (1), we have 



M-k-\-l 


(/-'] 


n-k-\-l 
N-M-n+k 


[n-ik--i)j 









p(Ar = /c) = 

which is equivalent to 

As shown in Example 1 below, recursion formula (2) offers an efficient method for 
calculating hypergeometric probabilities. However, it should also be noted that with 
the availability of the nCr key on most calculators, the required probabilities can be 
calculated directly by using (1). 

Example 1. The set of letters in the game of Scrabble consists of 56 consonants and 
42 vowels. What is the probability that your initial draw of the seven letters will contain 
at least three consonants [assume that the two blanks are removed before the draws]? 

Solution. Let X denote the number of consonants in your initial draw of the seven 
letters. Then A" has a hypergeometric distribution with A/ = 98, A/ = 56, /z = 7, and 





f 42 \ 




('1 





P(X = k) = ^ ^ \ , 0<k<l (3) 



7 

P(at least 3 consonants) = P (AT > 3) = ^ P(A' = Ar) . 



A=3 
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From (3), we have 



(?) 


( 






) 



P(A' = 3) = ^^^X ' = .2243 

Using (2), wc have the following: 

= 4) = '^^"^'^^yr^'/^ P(;^ = 3) = .2243 = .3048 



(56-4+l)(7-4+]) 


P(A' = 


3) = 


(53) (4) 


4(98-56-7+4) 


4(39) 


(56-5+l)(7-5+l) 


?(X = 


4) = 


(52) (3) 


5(98-56-7+5) 


5(40) 


(56-6 + ])(7-6+l) 


P(X = 


5) = 


(51)(2) 


6(98-56-7+6) 


6(41) 


(56-7+l)(7-7+l) 


P{X = 


6) = 


(50) (1) 


7(98-56-7+7) 


7(42) 



.0986 



7(c)g^5^_7^7) P(^- 6) -^^^.0986 =.0168 

Therefore, F(X > 3) = .2243 4- .3048 4- .2377 4- .0986 + .0168 = .8822. 

Another way to obtain the required probability is to use the fact that ?(X > 3) 
= l-F(X < 2), find F{X = 0) using (2), and then use (3) to find ?(X = 1) and 
F(X = 2). 

In both instances the individual probabilities can be obtained directly. The aim of 
the example is to illustrate the ease of use of the recurrence relation (3). 

However, if is large we may not be able to use a calculator to evaluate the 
combinations in (1). For example, some calculators will not compute /zCr for /z = 150 
andr = 50. In these cases we need to approximate the hypergeometric distribution. 



The Binomial Approximation for the Hypergeometric Distribution 

Under certain conditions, hypergeometric probabilities can be approximated by 
binomial probabilities. The mathematical basis for the binomial approximation is that 
as M and become infinite with p = M/N, a fixed positive constant, hypergeometric 
probabilities converge to binomial probabilities. Thus, for each possible value /c in 
{0,1,2,..., 

(m\ (n-m 

where p = M/N is a positive constant. 

This approximation is intuitively reasonable since the binomial distribution is 
applicable when the sample is chosen with replacement, while the hypergeometric is 
applicable when the sample is chosen without replacement. If the population is large 
in comparison to the sample size, then the probability of selecting a type I item is not 
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changing much from trial to trial and for all practical purposes it can be viewed as 
being constant. 

The above result provides an approximation for the hypergeometric distribution 
when the number of items selected n, is small in relation to the population size N. A 
rule of thumb is that the approximation is satisfactory lin/N <.05. 

Example 2, A manufacturing plant receives a shipment of 200 engines to be used in 
the production of lawn mowers. The lot must be checked to ensure the quality of the 
engines. The lot will be rejected if it appears that more than 5% of the engines are 
defective. The quality control inspector selects five engines at random for testing. 
Assuming that the lot contains ten defectives, compare the hypergeometric and the 
approximate binomial probabilities for obtaining exactly two defectives in the sample. 

Solution. Let X denote the number of defectives in the sample. Then X has a 
hypergeometric distribution with N = 200, M = 10, n = 5. Since J} = ^ = -025 
< .05 binomial approximation to the hypergeometric distribution is appropriate with 
M 10 

The exact hypergeometric probability: ?(X = 2) = ^ / \ ^ = -0200. 





) 




( 







The approximate binomial probability: P(^ = 2) = Q (.05)^(.95)3 = .02U 

How good is the binomial approximation? Generally, the larger the population 
size N is in relation to the sample size the better the approximation. Table 1 shows 
the exact hypergeometric probabilities and the approximate binomial probabilities for 
three hypergeometric distributions with (a) N = 100, M = 5, n = 5 (h) N = 200, 



M = 10, n = 5 and (c) = 500, M = 25, n = 5. In each case — < .05 and/? = 



.05. 





Exact Hypergeometric 
Probability 




Approximate Binomial 
Probability 


X 


(a) 


(b) 


(c) 






0 


.7696 


.7717 


.7730 




.7734 


1 


.2114 


.2075 


.2052 




.2036 


2 


.0184 


.0200 


.0209 




.0214 


3 


.0006 


.0008 


.0010 




.0011 


4 


6.3091x10 


"6 1.5736x10"^ 


2.3541X10 


-5 


2.9688x10"- 


5 


1.3282x10 


"8 9.9382x10'^'^ 


2.0185X10 


-7 


3.125X10*"'^ 



Table L Comparison of Hypergeometric and Binomial Probabilities, 
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Notice that the binomial probabilities are considerably closer to the exact probabilities 
as becomes large. 

The expected value and the variance for the hypergeometric distribution are 

N—n M 
E(AO = np, and Var(A^ = np{l-p) jj—^ , where/7 - — . 

The expected value is identical to that for the binomial distribution, and the variance 

N—n N~n 

differs from that of the binomial distribution by the factor — ; — . The quantity 

N-n 

IS called the finite population correction factor. If 'J^~^ is close to 1 then the 

approximation is fairly good. For the three hypergeometric distributions considered 
N-n 

in Table 1, take values .956, ,980 and .992 respectively. 



Normal Approximation to the Hypergeometric Distribution 

When N is large in relation to the sample size n, but n itself is large, the binomial 
approximation to hypergeometric probabilities may be awkward to calculate. In such 
cases, the normal distribution can be used to approximate the probabilities. 

If the random variable X has a hypergeometric distribution, then the distribution 
of the random variable 



X-np 



Z - ^ 
M 

where p - -jjyis approximately standard normal for large N, Thus, 



P(^ < A:) = O 



' k + ,5-np ^ 



where O denotes the standard normal probability distribution function. The normal 
approximation is appropriate whenever np > 5 and /i(l-p)> 5. 

Example 3. In a certain city of 100,000 voters 40,000 are Democrats. Five hundred 
voters are selected at random without replacement. What is the probability that the 
sample contains at least 220 Democrats? 

Solution. Let X denote the number of Democrats in the sample. Then X has a 
hypergeometric distribution with = 100,000, M = 40,000 and ;z = 500. 

Also,??/? = 500(.4) = 200 and/Kl-/?) = 500(.6) = 300, hence the distribution of 



Z = 



X - 50Q(.4) A^~200 



100,000-1 
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is approximately standard normal. Thus, 

P(X > 220) = 1- P(X < 219) = 1-<C) 

= l'-0(1.7846) = 1-.9628 = ,0372. 

The HP 21S Stat/Math calculator has a built in program to calculate the binomial 
probabilities, and it took about 5 minutes to compute the cumulative binomial prob- 
ability ?{X < 219) = 0.9620. Thus, ?(X > 220) = 0.0380. It should be noted that 
MINITAB will not compute, but EXECUSTAT will compute the above binomial 
probabilities. 
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Generating (3) With Some Elementary Applications 

by John J. Edgell, Jr. 
Southwest Texas State University, San Mareos, TX 78666 

John has long been interested in extensions and applications of the 
ancient Chinese trigonal array of numbers traditionally associated 
with Pascal. He recently rode in a fifth Multiple Sclerosis 150 bike 
tour from Houston to Austin with his oldest son on tandem and he 
plays tournament handball. 

The ideas and applieations in this artiele are an extension of the ideas and appliea- 
tions suggested in the short cover artiele, "/£(3)A/2," that appeared in the Spring 1992 
issue of The AMATYC Review (Edgell, 1992). This paper offers an interesting ap- 
proach on how to introduce such material to students. 

Almost every mathematician or student of mathematics has been enthralled with 
the ancient trigonal^ array of binomial coefficients traditionally known by Pascal's 
name. Actually, it is well documented (Burton, 1991) that the array was known as an 
ancient method to the Chinese. It appeared in a work of Chia Hsien about 1050 A.D. 
A similar arrangement was known to the Arabs about the same time as recorded by 
Omar Khayyam. Later the trigonal array appeared in print in a European book on the 
title page of the Rechnung (1527) by Peter Apain (1495-1552). The array is easily 
generated using symmetric trigonal binary addition, a^ (sec Figure 1). 

0 1 0 

0 0+1 1+0 0 

0 0+1 1+1 1+0 0 

0 0+1 1+2 2+1 1+0 0 

0 + 1 1 +3 3 + 3 3 + 1 1+0 



Figure 1. Tlie trigonal array In terms of sjTnmetric trigonal binary sums. 

The Swiss mathematician Leonhard Eulcr (1707-1783) (Burton, 1991) later ex- 
pressed the coefficients in a combinatorial form in 1781, but published in 1784. A 
a a^ 

combinatorial form, ^ = 77^ , not only generates the coefficient on the expansion 
b c b\c\ 

of {x^ + x^y^"'^, but also keeps track of the exponent r ) x^(^^'^^^^\ For example, 



^Arrays in the given shape arc more iradiiionally called "triangular" or "irilaicral." While those 
labels might be seen as emphasizing angles and sides, respectively, the "irigonal" label should be 
seen as placing an emphasis upon points (trigonal, quadragonal, pentagonal, hexagonal, ...). 




(x'+xy-'= (,;)/(^)+°(°)+ (3^j;c3(')+^(°)+ (,'',)a-2(i)+2(0)^ i^^^y^')-'m+ [^y^'^"-'^'^ . 

Quite often the array is enumerated in the combinatorial form, such as the fifth row 
depicted in Figure 2. 

4 4 4 4 4 

40 31 22 13 04 

Figure 2. The fifth row of the array in combinatorial form. 

Since the sum of each row of the array is two to a power, dividing each term of a row 
of the array by the corresponding sum of the row, gives a row of terms whose sum is 
one. The row can be interpreted as a fair, discrete probability space (Edgell, 1991) 
(see Figure 3). 

J_ _1 A A J_ 

2^ 2^ 2"^ 2^ 2^ 

Figure 3. The fifth row of the array as a fair, discrete probability space. 

One of the properties of the array is that it serves as a transformation from the 
arithmetic sequence, /1(1, 1) = (1, 2, 3 , /i, n + 1, ...) to the geometric sequence 
G(l, 2) = (2^, 2\ 2\ 2^-\ {2^-^)2,,.,) (see Figure 4). 



Value of 


The transformation 


Value of 


terms in 


is the sum of 


terms in 


sequence 


the row entries 


sequence 




transforms to 


G(l,2) 


1 term 


1 


is 20 


2 terms 


1 + 1 


is2l 


3 terms 


1+2 + 1 


is 22 


4 terms 


1 + 3+3 + 1 


is 23 


5 terms 


1+4+6+4+1 


is 2-^ 









Figure 4. The array as a transformation from 1) toG(l,2). 

The idea of developing a trigonal array from trinomial coefficients can be extended 
to the multinomial expansion of 



(1) 



Such an array serves as a transformation fromv4(l,/i-l) to G(l,/i). For example, the 
transformation fromy4(l, 2) to G(l, 3) is shown in Figure 5. The method for generating 
the array along with some applications are explained later in the article. 



Number of nodes 
A{1,2) 


Transformation 
/£(3) 


Sum of entries 
G(l,3) 


1 


1 


30 


3 


1 + 1 + 1 


is 3^ 


5 


1+2 + 3 + 2+1 


is3- 


7 


1+3+6+7+6+3+1 


is 33 









Figure 5. JE(3) as a transformation from ^(1, 2) to G(l, 3). 

Edgell (1984) labeled the an ay formed by the multinomial expansion of line (1) 
VE(n)." For example, the binomial expansion (Figure 1) is JE(2) (the integral, /, 
extension, £, where n - 2). The array in Figure 5 is/£(3). Each of these trigonal 
arrays, /£(/i), have some important applications in such areas as arithmetic, algebra, 
combinatorics, probability, and discrete geometry. 

A situation which can be used to introduce students to the idea of generating the 
transformations from ^ (1, n - 1) to G(l, n), JE{n), is a network problem stated in a 
spider-prey format. For instance, let y4(l, 1) be the nodes of a spider's web (sec 
Figures 6, 7). 



S 



* * * 



* t(* 



C¥ A= ^ 



)te * * * * 



«(c * * * * 



F'igure 6. The nodes of the web,^(I, I) 



Figure 7. The web with the spider, S. 



The movement rule of the problem is thai the spider always travels downward, noi 
retracing a path, stays on the web and can change direction only al the nodes. How 
many different paths can the spider take to get to a prey at any node? 



50 



5; 



s 

* 

1 

* * 

1 1 

* * * 

12 1 
* * * * 
13 3 1 
***** 
1 4 6 4 1 



Figures. Results of the problem. 

Extract the numerical parts to get /£(2), the transformation from^(l, 1) to G(l, 2), 
The trigonal array of numerals, JE{3), given earlier in Figure 5 can also be gene- 
rated intuitively by using a similar spider-fly problem. The nodes of the web are laid 
out so that the arithmetic sequence^(l, 2) is apparent (Figure 9). 

To construct the web, connect each node to each of three nodes on the next level 
of the sequence located symmetrically below (Figure 10). Place the spider at the apex 
of the array. 



\ 



Figure 9. Nodes of the web, ^(1, 2) 



Figure 10. The web connecting each node 
to each of three nodes sym- 
metrically below. 



The number of possible paths to each node is given in Figure 11. 
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Software for Algebra through Calculus 

by John R. Mowbray 



"Add Converge to your shopping list of educational software packages for the mathematics 
classroom. The appealing user-interface and easy-to-use, flexible graphing elements are 
among Converge's strong suits. Clearly designed and written by educators, JEMware's latest 
version provides students the ability to conceptualize difficult topics.... you will revel at 
the ease with which Converge will save its attractive graphs for use witliin EXP.... 
I highly recommend Converge...." —Lawrence G. Giliigan, University of Cin< nnati, Ohio 

"With a software package such as Converge (which incidentally, is the best one I've seen to 
date) mathematics appears as the dynamic subject that it is!" — Joecph May, President- Elect 
of the Minnesota Mathematical Afisociation of Two- Year Colleges 

''Converge is a brilliantly conceived and masterfully executed educational math program 
that belongs in the math lab of every school."— Hank Schenker, Math Educator, New York 

"Converge is a fine mathematics software package that has extensive grapliing and numeric 
capabiL. s." — Jon Wilkin, Software Reviews Editor of The College Mathematics Journal 



"Graphs just as good as most any textbook can now be incorporated into my tests or 
wherever needed in a written document.... Con verge is a very good educational software 
package...,*' — Linda Becerra, University of Houston, Texas 

*'It makes importing graphs into word processors. 
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E^y to use, powerful educational software that demonstrates mathematical processes and 
helps students understand math concepts and prmciples. Prints textbook quality graphs 
from your PC (with precise dimensions you input) directly on your laser printer or from 



(Wadsworth) without 



popular word processors. Easily imports graphs directly into KXF* 
using EXPGLIB, 

ALSO: 270 Junction Jiles containing entire gra-phing environments • Graphs any equation 
in X and Y • Unsurpassed numeric scaling of axes • Automatically draws honz., vert,, & 
slant asymptotes for ALL Junctions of X; graphs jump 
discontinuities • Simultaneous views of graphical and 
numerical convergence for limits, derivatives, definite 
integrals, arc lengths, and Newton, Bisection & Secant 

Methods • Solves triangles with diagrams • Max's, 
min 5, zeros, graphs, & sign graphs of F, F\ and 
• Points oj inflection • Graphs antiderivativcs 
^ j.^- * /^oof and ratio tests; power scries; recursive 

\\y^y^^^^ sequences •CS limit definition • Compares numerical 

^ " integration methods in same tablet Mean Value 

Theorem • Matrix calculator; row reducer with 
automatic and manual modes; matrix files • Macros 
• Slide shows • Freehand drawing witk mouse or stylus 
^en • Student record keeping • 150 page manual 
• AND MUCH, MUCH MORE!!! 





Total price: $129 (includes shipping in I'.S.) 
Student version, network license, dept. faculty site 
license available. To order or for more information 
contact: 

J EM ware 
Kawaiahao Executive Center 
567 S. King St., Suite 178 
Honolulu, HI 96813-3076 

Piionc: 808-523-9911 
FAX (24 hr): 808-545-3503 
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Figure 11. The number of paths to each of the nodes. 

Extract the numerical part to get JE{3). JE(3) can also be generated by the use of the 
technique of symmetric trigonal trinary addition, 

a b c 
a + b + c 

One of the first activities involving/£(3) might be to show the transformation from 
A{1, 2) to the geometric sequence G(l, 3) by taking the sum of the entries of each row, 
similar to/£(2) (see Figure 5). In addition to the transformation from an arithmetic 
sequence to a geometric sequence the algebraic applications of /£(2) extend to/E(3). 
Each of the entries of a row of JE{3) is a coefficient of the expansion of 



where ni is the row number. 



(x^ + A-l + x^y = Lv^ +ljcl + IvO . 

[x^ + x^ + x^)- = Lc^ +Zv^ + 3x^ + 2vi + Ix^ . 

Ix^ + x^ + x^)^ = +3r5 + dv^ + Ix^ + 6x- + 3x^ + br^. 

Similarly, the combinatorics associated with JE{2) extend to JE(3). Let 

represent --^ — . Similar to the role of combinatorial expressions for entries of /£(2), 
^ b\c\d\ 

the combinatorial entries associated with JE(3) (Figure 12) not only determine the 
coefficients of (.v- + x'^ + jc^)''*"^ but also help to account for the exponent of the 
variable, f ^1:^^(2) +c(l)+^(0). For instance. 



(,-2.^^.1^,0)3-^1 ^ j^2j,.2(2)^0(l)^0(0)^ J^2J^1(2)^1(1)^0(0)^ 



2 ^J(2)+0(l) + l(0) . 
101 



2 )„0(2) + 2(l)+0(0) 
020 



^ / 2 \ 0(2) + l(l) + l(0)^/^ \ 0(2)+0(l)+2(0) 



0 

000 



1 1 1 

100 010 001 

2 2 2 2 2 2 
200 110 101 + 020 Oil 022 

333 33 33 333 
300 210 201 + 120 111 + 030 102 + 021 012 003 

Figure 12. /£(3) in a combinatorial form. 



Also, similar to /£(2), expressed as a sequence of fair, discrete probability spaces, 
P(m(JE(2))),JE(3) can be expressed as a sequence of fair discrete probability spaces, 
F(m(JE(3)))y by dividing each of the entries of /£(3) by the sum of the row entries for 
each row. 

Pi>niJEi3))) 







1 










30 








1 


1 


1 






31 


31 


31 




1 


2 


3 


2 


1 


32 


32 


32 


32 


32 


3 


6 


7 


6 


3 


33 


33 


33 


33 


33 



Figure 13. /£(3) expressed as a sequence of fair, discrete probability 
spaces, P(fnC/£ (3))). 

Clearly, /£(2) and /£(3) have many similar applications across the domains of 
arithmetic, algebra, combinatorics, probability and statistics. But, the patterns of the 
discrete geometry represented by the cover design/£(3) A/2 (Edgell, 1992) and similar 
discrete geometry configurations generated by /£(2), /£(3), /£(4),..., JE(n),... may 
provide insight to new conjectures and applications. 
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SHORT COMMUNICATIONS 



A General Test for Divisibility by an Odd 
Integer Not a Multiple of Five 

by Matt Ogren (student) and Travis Thompson 
Harding University, Searcy, AR 72143 

At Harding University, Math 275 (Introduction to Mathematical Thought) was 
implemented for mathematics majors in order to help bridge the gap between lower 
level courses and higher level "theory-proof courses, Travis Thompson, the instruc- 
tor for this course, decided to sample areas of mathematics that require creativity, but 
yet, allow the student to get a firm understanding of the material. Elementary number 
theory was one of the areas chosen for exploration. The theorem that is stated and 
proved in this paper was an idea conceived by Matt Ogren, one of the students in Math 
275. The authors were unable to find this theorem in print and believe it to be original. 

Typically, survey courses in mathematics for liberal arts and elementary education 
majors include divisibility rules in the work on number theory. For example, an integer 
is divisible by 3 if and only if the sum of the digits of the integer is divisible by 3, The 
strange rule for divisibility by 7 is sometimes presented and sometimes omitted: A 
positive integer is divisible by 7 if and only if when 1) the last (right) digit is removed 
and doubled; and 2) the doubled last digit is then subtracted from the number 
represented by the remaining digits; 3) then this difference is divisible by 7. For ex- 
ample, consider 179,326. Double the last digit (6) to 12; consider 17,932- 12 = 17,920. 
Since 7 divides 17,920, 7 divides the original number of 179,326. 

This divisibility theorem for 7 was generalized and proved, in part, by Matt Ogren. 
It goes without saying that the following test lacks practicality in most situations. But 
the creative process so vital to mathematical discovery was nurtured and allowed to 
take root . . . "large trees from little acorns grow." 

Theorem. Let Q be an odd positive integer that is not a multiple of 5 and lety4 be any 
positive integer. Consider the set 

K = {in 1 77J is a positive integer and Q divides (10m -f 1)}. 

Let A/ be arbitrarily chosen from set K. Theny4 is divisible by Q if and only if when 1) 
the last (right) digit is removed and multiplied by A/; and 2) the Af-multiple of the last 
digit is then subtracted from the number represented by the remaining digits; 3) then 
O divides this difference. 

Example. Suppose we wish to test 14,229 for divisibility by 17. Since 17 divides 
10(5)-4-l,Af canbc5. Therefore, since 17 divides 1,422-5(9) = 1377, we know that 17 
divides 14,229. Using the same number 14,229, wc note that 17 divides 10(22)4-1. 
Therefore M can also be 22. Since 17 divides 1,422-22(9), the theorem implies that 
17 divides 14,229. 
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Proof. Let A ^^^k gi^^^ Q odd positive, integer that is not divisible 
by 5. Let 

AT = {m\Q divides (10m + 1), m a positive integer}. 

Note that K cannot be the empty set since Q is not a multiple of 5. Let M be arbitrarily 
chosen from the set K. Then, there exists an integer Fj such that 

QFj = lOM + 1. 
Now according to hypothesis, suppose 

Q divides 10""^ a„ + l(f~^a^^^ + ... + 10^2 + flj-Mao . 
Then there exists an integer P2 , such that 

QP2 = 10""^ ^7;, + 10" + ... + 10^2 + -Mgq, 

or 

10(2^2 + MOq) = 10" a„ + 10"""^ + ... + 10^ ^2 + 10^1 • 

n 

Since /I = ^ iQf'a^ , we have 10(2^2 + ^^^0) + ^0 = ^ • follows that 

IOQP2 + (lOM + 1) ^0 = IOQF2 + 2^1 ^0 = 2(^0^2 + ^1 ^0) = ^ • 

Therefore, Q divides /I. 

Conversely, assume that Q divides >1. Then, there exists an integer P3 such that 
QF3 =>1. Let 

Z = 10""^ a„ + 10""^j^_i + ... + 1072 + jj-A/^Q. 

Therefore, 

lOZ = 10" + 10''"^a^„i + ... + 10^j2 + lO^i-lOM^o 

= 10" a,, + 10""^^7,^„i + ... + 10^^2+ lOaj + ^o*"^o" ^^^^o 



. ^ — ^7q — lOA/^Q 



Therefore, 



lOZ = ^ ^ (1 + lOM) = ^ - ^0 (2^1) = 2/^3 - ^0 Q^i = 2(^3 - ^0 ^1) 

and we have that Q divides lOZ. By hypothesis, Q docs not have a factor of 2 and docs 
not have a factor of 5. Since Q and 10 arc relatively prime and Q divides lOZ, we know 
that Q must divide Z and the theorem is complete. 
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Fourth Edition 

Howard Anton, Drexel University 
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Anton presents material in the clearest possible way, with a level of rigor 
that motivates mainstream calculus students! As student Ralph Leonard 
told us: "I couldn't believe my rate of comprehension and ease in 
understanding nearly all the examples and explanations." 
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The Numerical Solution of a Simple 
Geometric Question 

by William B. Gearhart and Harris S. Shultz 
California State University, Fullerton, CA 92634 

As mathematics educators now rethink the teaching of calculus, there is cogent 
argument that a greater role be given to the use of calculation. Indeed, calculus 
evolved as the practice of exact and approximate calculation and measurement. It is 
important that students be provided with meaningful examples that can be solved only 
with numerical methods. Wc v/ouid like to give an example of one such problem, 
which, although not truly a real-world application, is simply stated and geometrically 
interesting. 



(0,1) 




Figure 1 Figure 2 

Consider a circular sector having centroid at point P (Figure 1). If the central angle 
is small, the centroid wiil be closer to the arc than to the vertex, while, if the central 
angle is large (for example, 7t radians), the centroid will be closer to the vertex than 
to the arc. Continuity suggests that, for some central angle, the centroid will be 
equidistant from the vertex and the arc. Let us try to determine the measure of this 
central angle. 

In Figure 2, we have designated the radius to be 1, the measure of the central angle 
to be 2a and the angle bisector to be they-axis. The centroid of the circular sector 
lies on this angle bisector. The moment A/^. about ihe.v-axis through the vertex is given 
by (sec Figure 3) 
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(X, VT^l?) 




{x,x cot a) 



Figure 3 



Sin i 



^a: = / I y dy dx 



-Sin a xcota 
sin a 



= ^ / [(l-^^)-(^-cot2«)J dx 



-sin a 
2 . 

Since the area of the sector is a, the distance of the centroid above the vertex is 

- 2sinfl 

The value of a for which the centroid is at the midpoint of the angle bisector segment 
is the solution of the equation 

2 sin J 1 



3a 2' 



which can be written as 



(1) 



Equation (1) is called a fixed-point problem since substituting the solution a into 
the function on the right-hand side must yield the same value A graphing calculator 
with trace and zoom features can help determine an approximate solution. A more 
accurate solution can often be found using fixed-point iteration. Specifically, if we 
wish to solve the equation 
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where g is continuous, we begin with an initial guess Xq and define the sequence of 
iterates {x„} by the formulax^ ^ ^ "^C^n) ^ = 1> 2, ... . From the graph shown in 
Figure 4, it is seen that for any initial estimate in the interval (0,jr), the iterates 
converge to the unigue solution of (1). The reader is invited to experiment graphically 
with other initial estimates in the interval (0,jr). 



y = a 




y = (4/3) sin a 



Figure 4 



A scientific calculator can greatly ease the computation nece ssary to determine the 



iterates. Begin by keying in an initial guess and then key in | sinjc | [x] 4 3 
0, yielding flp Repeating these five keystrokes will give us and so on. If we begin 
with an initial guess of flQ = l, fixed point iteration applied to equation (1) yields the 
following: 



0 
1 
2 
3 



1 

1.1220 
1.2013 
1.2433 



9 1.2756 

10 1.2757 

11 1.2757 

Thus, the approximate solution is = 1.2757 or about 73 degrees. Therefore, the 
ccntroid of a circular sector will be equidistant from the vertex and the arc when the 
central angle is approximately 146®. 
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Wc note that there arc other methods to approximate the solution of (1). For 
example, the Newton-Raphson method, which is somewhat more sophisticated, 
provides a more rapid rate of convergence. 



Patterns Created by the Continued Fraction 
Representations of Two Sets of 
Transcendental Numbers 

by Michael Schapira 
Hoslos Community College, Bronx, NY 10451 

Decimals is a method of approximating real numbers by power series. When I he 
number being approximated is rational, the decimal expansion will end in a repeating 
sequence (which also includes repeating zeros), and conversely, the presence of a 
repeating sequence at the end of a decimal indicates that the number being repre- 
sented is rational. However, decimal expansions in general provide no clue as to 
whether a number is algebraic or transcendental. Algebraic numbers are solutions to 
polynomial equations with rational coefficients; transcendental numbers are real 
numbers which are not algebraic. 

Continued fractions is another method of representing numbers. In a decimal, the 
digits comprising the representation of the number are coefficients of a power scries. 
In continued fractions there is similarly a sequence of integers. This sequence of 
integers is used to generate a sequence of fractions which in turn converges to the 
number being represented. Let us call the sequence of integers "generators" and the 
sequence of fractions "continued fractions." 

It is well known from a theorem by LaGrange that if the generators are periodic 
(repeating), then the number represented is algebraic (Khinchin, 1964). This paper 
presents two sets of transcendental numbers whose generators apparently display 
surprising nonperiodic regularity. 

The Construction of Continued Fractions 
Let us begin by considering e^'* = 1.284025- •• . First, note that 

e^^ = 1.284025 ••• = 1 + .284025- •• . 
Since the reciprocal of .284025 is 3.520811 , we can write 

Similarly, 

3.520811--- = 3 + .520811--- , 
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and since the reciprocal of .520811--- is 1.920079--- , we can write 

1 



So far we have 



3.520811- 



1.284025- 



= 3 + 



1.920079- 



= 1 + 



3 + 



1.920079- 



Continuing in a similar fashion 

e^' = 1.284025--- = 1 + 

and 



3 + 



1 + 



1.086862- 



e'' = 1.284025--- =1 + 



3 + 



1 + 



1 + 



11.512495- 



In this example the integers 1,3,1,1»11 form the first five terms of the sequence of 
generators for the continued fraction representation of e^^ (assuming that rounding 
errors have not yet affected the results). 

This process can be generalized as follows: Given an irrational number A\ let 
= A^. Define^- = [r- ] where [.v] represents the integer portion of.v and define 



, />0. 



Relating these definitions to our example, we see that 

/•q = A/ = 1.284025--- , 

1 1 



1 Tq-^o .284025- 
gl = [^il = 3, 



r^-g^ .520811 - 



= 3.520811--- , 



= 1.920070... , 



and so forth. 
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Having derived the generators, the next major step is to use them to generate a 
sequence of fractions — that converge to . To do this, define the ordered pairs 

(^-2'^-2) = (0'l) (a^i,5_i) = (l,0). 
Then, all subsequent ordered pairs are defined recursively as follows 

where h{c, d) = Qic , hd) and (c , <i) + (e,/) = (c + e , + /). 
Applying this to our example, we obtain the following table. 
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ft 




^• 


1 


-2 
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1 




-1 




1 


0 
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1 


1 


1 


1 


1 


3 


4 


3 


1.333333- 


2 


1 


5 


4 


1.25 


3 


1 


9 


7 


1.285714- 


4 


11 


104 


81 


1.283950- 



The last column shows how the ratios ^ apparently converge tjwards 

^^'* = 1.284025- •• . Careful examination suggests that the even terms and the odd terms 
converge monotonically to A/ = e^^ = 1.284025--- from opposite directions. 

Two Sets of Transcendental Numbers 
Now let us consider the generators for the continued fraction representations of 
two sets of transcendental numbers. In the tables that follow only those generators 
that occur prior to roundoff error are presented. Table 1 shows the beginning of the 
generator sequences for the first of these sets, namely e^^ , where = l,-",5. Exami- 
nation of the table appears to reveal that in each column from some point on, two out 
of every three consecutive entries arc 1 and that the sequence of third entries forms 
an arithmetic progression with a common difference of 2^. In addition, it appears that 
from some point on in the table, the entries in all the rows also form arithmetic 
progressions. 

Table 2 shows the beginning of the generator sequences for the second of these 
1 

sets, namely + -5 , where /c = l,---,5. In this table there is no simple relationship of 
the te rms within the columns. However the i^^ terms of the expansions form arithmetic 
progressions for some /*s. In these cases it is not obvious whether or not the differ- 
ences for the various arithmetic progressions are related, nor for which Ts we might 



expect the progressions to occur. The rows, however, clearly form arithmetic progres- 
sions. 
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_i_ e_^' = 2.7 182- •• e^- = 
1 
2 



3 
4 
5 
6 
7 
8 
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12 
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14 
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2 
1 

2 
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e^^ = 1.3956--- e"^ = 1.2840 
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Table 2: Generators for c'- ^ ^ A- =l,---,5 

_L -L -L 

= 1.4918... = 1.3307--- e'" 



= 1.2488--- = 1.1993-- 
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10 


17 


24 
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53 


98 
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Conclusion 

It is important to note that the patterns presented in this paper were developed 
experimentally and the observations arc not being stated as general rules. However, 
the patterns do offer clues as to how one might recognize the decimal representations 
of powers of e. 
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Introduetion 

Until 1988, placement testing for entry level mathematics courses at both Arizona 
State University (ASU) and the Prescott, Arizona campus of Embry-Riddle Aero- 
nautical University (ERAU) was mandatory and followed a model which is widely used 
in post-secondary institutions. A multiple choice test was given to all incoming 
students to assess their background in mathematics. It was furnished by an outside 
agency which requested that questions not be released to the public and was not 
written to correspond directly to any particular college course. This type of placement 
testing wili be referred to as "out-of-context" placement, since it is designed to test 
prerequisites entirely outside of the course which the student wishes to take. In 1988, 
the authors independently became dissatisfied with the results of their placement 
programs and instituted new placement programs which turned out to have essentially 
the same structure. 

In the new placement programs, students are advised to select courses on the basis 
of prior mathematics coursework at either pre-college or college levels. This advice 
is intended to place each student in the highest level mathematics course in which he 
or she should be successful while at the same time advancing the student's academic 
program. All entry level courses (from algebra through calculus) begin with a review 
of important prerequisite material. Students are tested over this material at the end 
of the first few days of class. Students scoring poorly are advised to drop to prereq- 
uisite courses during a special drop-back period. This is an "in-context" placement 
system. 

In independent trials with this in-context placement structure at each institution, 
an improvement in student attitudes about the placement process has been observed. 
There has been an increase in the number of students electing to start at higher levels 
with no decline in success rates. In fact, most courses have improved success rates. 
The relative merits of in-contexl and out-of-context placement will be discussed in 
detail in this paper. 

Problems Arising From Out-of-Context Placement Testing 
Theoretical Problems. Research in statistics and educational psychology has shown 
that the correlation coefficient between a placement test and a course grade should 
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be .80 or higher if use of the test is to have a significant effect on success rates. When 
the correlation is lower, use of the test is not likely to result in a significant improve- 
ment in the success rate. In fact, an unacceptable number of students may be misad- 
vised by their placement scores. Hassett & Smith (1983) summarized this research 
and applied it to mathematics placement. 

Other studies have also concluded that many placement tests do not reach the 
desired correlation of .80 with course grade. Noble & Sawyer (1988) state: 

Numerous studies have examined the relationships between admissions and 
placement test scores and specific course grade.... The mathematics validity 
studies comprised a larger portion of the research on predicting specific 
course grades. A variety of predictors were used, including ACT subtests 
and composite scores; SAT-V, SAT-M, and SAT-Total scores; high school 
rank; and scores on specifically developed mathematics placement tests. 
The correlation coefficients ranged from .04 to .75. (p. 3) 

The inaccuracy of out-of-context placement for many students is also apparent in a 
study done at Bucks County Community College in 1986 and 1987. Hoelzle (1987) 
showed that 47% of the students who placed themselves above the course predicted 
by the placement test were successful. 

In 1987, both ERAU and ASU used the MAA placement tests. The correlations 
with course grades ranged from .30 to .50. Correlations using other available standard 
instruments (ACT math, SAT-M) were in the same range or lower. The placement 
instruments available to us did not correlate well enough with course grades to be used 
as the main predictors of success. 

Practical Problems. Advisors believed that placement test scores were extremely 
valid. Thus they were hesitant to permit students to register for courses other than 
the ones indicated by the placement test. This tended to make advising superficial. 
Since some advisors were unfamiliar with the course content of mathematic courses, 
they accepted the results of the placement test as correct even when the student 
protests were supported by sufficient preparatory coursework. 

Most of the students who took the out-of-context mathematics placement tests 
were not enrolled in a mathematics course when they took the test. Moreover, the 
importance of the test was often not made clear to the students, so that they made no 
effort to review any material. As a consequence, their mathematics knowledge and 
skills were at an ebb and they tended to score lower than they would have scored during 
the school year. 

The combination of advisor ignorance and student rusliness forced many students 
to register for courses they had already passed elsewhere. When those courses were 
remedial, the students were delayed a semester or more in starting required courses. 
They also adopted poor work habits that usually led to low or failing course grades. 
Instructors in remedial classes complained of poor attendance and poor attitudes by 
students who said they already knew the course material. 

Many students became hostile. They had good reason. They had passed the course 
at another institution, but were being required to repeat it. The placement test was 
perceived as a barrier to registration, not an ai ^ A great amount of office staff time 
was spent with students complaining about the system and filling out petitions to 
override placement scores. 
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The placement test was acting as a filter instead of a pump in the mathematics 
pipeline. The university system was placing students who had taken four or more years 
of college preparatory mathematics in high school into a precalculus curriculum. 
Consequently, many competent high school students were being turned into mediocre 
college students in one short semester. Furthermore, the placement process was not 
meeting its goal of improving success rates in the targeted classes. 

There was also an adverse financial effect. University funds that could have, been 
used on instructional assistance were being spent on the mandated placement testing 
program. Of course, out-of-context testing does make an advisor's job easier. Ad- 
visor«; can process a large number of students in a relatively short amount of time 
because they have a template to follow. Such "placement procedures tend to be used 
for their practical advantages, such as their greater ease of operation, or their greater 
ease of explanation to staff and students" (Noble & Sawyer, 1988, p. 2). 

Advantages of In-Context Placement Testing 

In 1988, both ASU and ERAU eliminated compulsory use of out-of-context place- 
ment testing and began to use in-context testing. Data analysis of the effects of their 
change in approach will be discussed in the next section, although additional analysis 
remains to be done. Analysis not withstanding, the practical advantages of this new 
system were immediately obvious. 

Advising Became More Thorough. At Arizona State advisors received new materials 
on how to look at a students' record in mathematics. A self-advisement flow chart was 
created that students and advisors could use to guide the choice of a mathematics 
course based upon a student's background and past performance in mathematics 
courses. Seminars for advisors stressed the importance of focusing on each student's 
mathematics preparation rather than on a single placement test score. Without a 
trivial algorithm advisors were forced to worry about the quality of their advice. The 
University Testing Center still provided the MAA placement tests as an optional 
support vehicle and campus computer sites made available the self-advising computer 
program Are You Ready for Calculusl This is a program developed by Dr. David 
Lovelock of the University of Arizona.^ 

At Embry-Riddle, advisors were given more training in mathematics placement. 
The time usually spent during student orientation for placement testing was used for 
mathematics orientation. This was directed by a faculty member from the mathe- 
matics department. Students were allowed to ask questions and they were given 
outlines for the various courses open to them. They were encouraged to sign up for 
the highest '.^vel course for which they felt they had a chance to be successful. 
Accordingly, students who had done well in a year of high school calculus, but who 



^This software, along with similar "readiness" software is in the public domain. It 
can be obtained for nominal charge to cover costs of the computer disk, handling and 
mailing. Address requests for information to Mathematics Department, University of 
Arizona, Tucson, AZ 85721. 
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had not taken the AP Calculus Examination, were allowed to register for second- 
semester calculus. 

On Both Campuses Student Hostility Disappeared. Teachers and office staff no 
longer have to contend with hostile students who have covered the material before. 
Students are no longer being told that they cannot enroll in a mathematics course 
because they have "failed" the placement test. Instead they are told that the Mathe- 
matics Department will help them decide if the course they have enrolled in appears 
to be too difficult, but will leave the actual decision up to each student. 

At ASU students are given two weeks to make their decision. The first week's 
assignments are based on a review of essential prerequisite material, and a test on this 
material is given on Thursday or Friday. Students who score below 70% are advised 
to drop to a lower level course. This can be accomplished through the end of the 
second week of the semester by special arrangement with the registration office. 

At ERAU students have the first three weeks to decide if they wish to transfer. 
This is an extension beyond the normal drop/add period, but because results have 
shown significant positive benefits the administration has allowed this arrangement to 
continue. 

Enrollment in Remedial Courses Decreased at Both Schools. In general, students 
enrolling in remedial courses do so because of a rational self-assessment of their 
needs. The experience of the course instructors through several semesters bears out 
the validity of this statement. The teachers of these courses have indicated that 
attendance has improved and that student attitudes are better. As was hoped, success 
rates in introductory classes have not deteriorated. With the absence of compulsory 
placement testing students elect to start out in a higher level course, and they do so 
with less risk of failure. 

Results of Preliminary Data Analysis 

The goal of in-context placement is to put each student into the course most likely 
to lead to success. As the new system began to operate, trends in enrollment and 
success rates were observed and data were collected. This section contains analysis 
in three areas: predictive validity, enrollment trends, and success rates. 

Predictive Validity. An earlier study (1983) at ASU had indicated a correlation of .80 
between course grades and grades on the first week review test in College Algebra. 
Similarly, a correlation of .85 between course grades and grades on the first week 
review test in Calculus I was observed at ERAU in 1987. These correlations fell within 
the desired range and were used as justification for using the first test as a placement 
criterion. No revalidation was planned under the current structure since the policy of 
encouraging students with low scores to leave the course makes it impossible to see 
how they would do if they stayed. 

However, one new instructor at ASU, leaching 490 students in three large sections, 
failed to inform students with low grades that they could drop to a prerequisite course. 
The grade results from these sections provide data which allow us to study the 
effectiveness of the review test as a predictor. This data indicate that the first test was 
quite useful as a placement advisory tool: 
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Table 1 



Intermediate Algebra: Fall 1989 
Course Grade vs Score on First Week Test in Numbers of Students at ASU 







Course Grade 






ABC 


DEW 


Totals 


1st ABC 


180 


108 


288 


WEEK DE 


32 


170 


202 


Totals 


212 


278 


490 



a) It is clear that students with low first scores were at risk. Of the students who 
were unsuccessful, i.e., D or E, on the first test, 84% (170/202) failed to achieve a 
satisfactory course grade. In contrast, 63% (180/288) of those students who received 
a satisfactory grade on the first test passed the course with an A, B or C. 

b) By using the first test score as a predictor, it is possible to identify an at-risk 
group whose actual success rate in the course was only 16% (32/202). If this entire 
group, i.e., 202 students, were excluded, the success rate would be raised from 43% 
(212/490) to 63% (180/288). 

c) If the first test had been used for placement, only 15% (32/212) of the students 
who passed the course would have been excluded while 61% (170/278) of those who 
eventually failed the course would have been excluded. The key objective of a 
placement test is to identify students who are at. risk of not succeeding in the course. 
The major error would have been the exclusion of students who in fact could satisfac- 
torily pass the course. In identifying 61% of the students destined to fail and only 15% 
of the students appearing to be at risk but who actually achieved success in the course, 
the value of this in-context procedure is apparent. 

Enrollment Trends and Success Rates. Both ASU and ERAU have observed decreas- 
ed enrollment in remedial courses and increased enrollment in standard required 
courses. In looking at the engineering and computer science freshmen at ERAU over 
a four year period, we note that enrollment in Calculus I has continued to rise. These 
students take Calculus I as their first mathematics course that counts toward the 
degree. In 1987, 51% of these students registered for College Algebra based on the 
results of an out-of-context placement test. In 1988, the in-context test was first used 
as a mandatory placement vehicle and all students w^ho failed this test were automat- 
ically dropped back to College Algebra (Jenkins, 1989). In 1989 and 1990 the drop- 
back after the first test became advisory rather than mandatory. Table 2 shows the 
placement and success rates for these four years. 

Table 2 

Placement and Success Rates for Freshmen 
Engineering and computer Science Students at ERAU 





College Algebra 


Calculus T 


Calculus II 




Place (ABC) 


Place (ABC) 


Place (ABC) 


1987 


51% (88%) 


42% (60%) 


7% (75%) 


1988 


27% (65%) 


69% (67%) 


4% (67%) 


1989 


17% (52%) 


79% (77%) 


4% (86%) 


1990 


14% (71%) 


80% (60%) 


6% (75%) 
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Has the change in placement policies favorably affected the success rates at ASU 
and ERAU? It certainly has not lowered success rates at either school. At Embry- 
Riddle the success rate, i.e., A, B, or C, in Calculus I fluctuated somewhat, but the 
enrollment increased dramatically. What is significantly more important is the rise in 
the percent of students who achieved success in their first required math course, i.e.. 
Calculus I, in their degree program during their first semester in school. This can be 
seen from Table 2. Consider all of the freshmen in engineering or computer science 
at ERAU to be the "calculus pool." In 1987, 30% [(.42)(.60) + (.07)(.75)] of this pool 
was successful in a calculus course in the first semester. The remaining 70% of the 
pool either took College Algebra or received a D, E or W in calculus. In 1988, the 
first year of in-context placement, 49% of the calculus pool students were successful 
in calculus in their first semester. In 1989 the success rate took another jump to 64% 
before tumbling back to 53% in 1990. Even this last figure represents a remarkable 
improvement over the 1987 rate of 30%. 

Similarly at Arizona State University the percent of College Algebra students 
earning A, B, or C has increased from 50% to 65% since the change in placement 
testing. The A, B, C rate in beginning calcul^^c i emained at the same level of 48% until 
the Fall '90 semester, when it rose to 57%. While there have been changes in 
personnel, and, consequently, instruction, in these math courses over the time in 
question, the dire predictions by some faculty of large scale failures without out-of- 
context placement testing have not occurred. 

It seems clear that in-context placement pumps students into the major in accord- 
ance with their original career choices, whereas the mandatory out-of-context place- 
ment filters them out, lowers self confidence, and causes unnecessary changes in their 
career choices. A memorable, and tragic, example of a freshman student at ERAU 
illustrates this point. In fact, it was primarily this case history that provided impetus 
to the author to instigate an in-context placement program. 

The student had had five years of college preparatory mathematics in high school. 
However, she did poorly on the mandatory out-of-context placement test and was 
forced to take College Algebra. Part of the reason for her low score could have been 
that some of the questions on the placement test covered material she had not seen in 
over two years. Realizing that she knew the mathematics of College Algebra, bored 
and lacking challenge, she rarely studied and skipped several classes. Consequently 
she earned a course grade of B, instead of the A she should have had. The next 
semester the same pattern with the same result was repeated in Calculus I. The 
following fall semester she did poorly in Calculus II. She had finally run into some 
new material and had forgotten how to study mathematics. What had the system done? 
Through the use of an inept placement process it had taken a highly competent high 
school student and turned her into a mediocre college student. 

Summary 

An effective placement system is important to helping students and faculty achieve 
educational goals. Our experience at ASU and at ERAU has led us to believe that 
reliance on a single out-of-context placement examination is not conducive to achiev- 
ing the desired degree of excellence, and may even become a harmful filter that keeps 
students out of the course most beneficial to them. By contrast, in-context testing 
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shows that more students with prior success in mathematics prove to be well prepared 
if they are given some course time for serious review. We believe that an in-context 
system involving continuing positive interaction between students and faculty in the 
classroom is the more effective placement process. 
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Currently, there is increased attention to cc'operative learning as a methodology, 
structure, or teaching technique in the mathematics classroom. This paper presents 
three perspectives on cooperative learning. The three parts of this paper are: (a) a 
clarification of the meaning of cooperative learning, (b) some views of cooperative 
learning by professional groups and organizations in mathematics education and 
individuals, and (c) a summary of some of the research findings regarding cooperative 
learning. 

The Meaning of Cooperative Learning 

What is cooperative learning? The term cooperative learning probably triggers the 
idea "group" in the minds of most educators. This is an accurate, but rather superficial 
idea. Cooperative learning is more complex than simply getting students to work in 
small groups. The key word is "cooperative" or "cooperation." Cooperative learning 
does involve groups of students. They approach problems, assignments, or projects 
as a team. The groups may vary in size. Slavin and Karweit (1981) define cooperative 
learning as "the instructional strategies in which students work in small cooperative 
groups or teams to master academic materials and arc rewarded for doing well as a 
group" (p. 30). The primary idea is working and being rewarded as a group, not as a 
group of individuals. 

Artzt and Newman (1990) point out that cooperative learning is more than the mere 
grouping of students. They state that cooperative learning is not: (a) sitting in a small 
group to work problems; (b) sitting in a small group, but working problems individual- 
ly; or (c) sitting in small groups while only one or two students do the work. Coopera- 
tive learning should involve all students, should -'^crease interaction among students, 
and should result in a team effort or collaboration on the particular task assigned. 
There are many structures, reasons, and situations appropriate for cooperative learn- 
ing in the mathematics classroom. Some of these are voiced by individuals or profes- 
sional groups and organizations. 

Views of Individuals and Professional (Groups and Organizations 
Why should we attempt to incorporate cooperative learning into the mathematics 
classroom? Individuals and major professional groups and organizations in mathe- 



matics education include cooperative learning as one strategy to promote the much 
needed changes called for in the teaching and learning of mathematics. 

The National Council of Teachers of Mathematics (NCTM), in its Curriculum and 
Evaluation Standards for School Mathematics (Commission on Standards for School 
Mathematics, 1989), states that an "active view of the learning process must be 
reflected in the way much of mathematics is taught" (p. 10) and includes in a list of 
instructional strategies to meet this goal, "group and individual assignments.. .[and] 
discussion between teacher and students and among students" (p. 10). In other words, 
the learning of mathematics is an active process and cooperative learning is an 
instructional strategy that promotes that process. NCTM (Commission on Teaching 
Standards for School Mathematics, 1991) also states, in the Professional Standards for 
Teaching Mathematics y that one of the "major shifts in the environment of mathematics 
classrooms. ..needed to move from current practice to mathematics teaching for the 
empowerment of students. ..[are shifts] toward classrooms as mathematical commu- 
nities—away from classrooms as simply a collection of individuals" (p. 3). Further, 
NCTM (Commission on Teaching Standards for School Mathematics, 1991) states: 

Students' learning of mathematics is enhanced in a learning environment 
that is built as a community of people collaborating to make sense of 
mathematical ideas.... Classroom structures that can encourage and sup- 
port this collaboration are varied: students may at times work independent- 
ly, in pairs or in small groups, (p. 58) 

If you agree that students construct and improve their understanding of mathematics 
in learning environments that operate as communities, cooperative learning is one 
structure you should attempt to incorporate into the classroom. 

Also, concerning learning or construction of knowledge and effective teaching, the 
National Research Council (1989) offers the following viewpoint: 

In reality, no one can teach mathematics. Effective teachers are those who 
can stimulate students to learn mathematics. Educational research offers 
compelling evidence that students learn mathematics well only when they 
construct their own mathematical understanding.... This happens most 
readily when students work in groups, engage in discussion, make presenta- 
tions, and in other ways take charge of their own learning, (pp. 58-59) 

This is a strong statement in support of using cooperative learning as one type of 
classroom organization to promote learning and understanding. Professional groups 
and organizations support and encourage the use of cooperative learning. 

One goal of education is to prepare students for jobs or careers. It is interesting 
to note that Henry Pollak (cited in Commission on Standards for School Mathematics, 
1989), a well known industrial mathematician, lists as one of the expectations for new 
employees by industry, "The ability to work with others on problems" (p. 4). In reality, 
the workplace is a community and each person must become a contributing, function- 
ing part of that community. It only seems reasonable that cooperative learning will 
improve students' abilities to work together. It will encourage students to value the 
opinions of all members of the group, to compromise, to listen, and to discuss problems 
and problem situations. 
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Davidson (1990b) makes the following claims regarding the reasons and situations 
appropriate for cooperative learning: 

Small-group cooperative learning can be used to foster effective mathemati- 
cal communication, problem solving, logical reasoning, and the making of 
mathematical connection?.... Small-group cooperative learning methods 
can be applied with all age levels of students, all levels of the mathematics 
curriculum from elementary school through graduate school, and all major 
topics areas in mathematics. Moreover, small groups working cooperatively 
can be used for many different instructional purposes: in the discussion of 
concepts, inquiry/discovery, problem solving, problem posing, proofs of 
theorems, mathematical modeling, the practice of skills, review, brainstorm- 
ing, sharing data from different groups, and the use of technology, (p. 52) 

Considering these claims and the above views, it would be foolish to fail to investigate, 
informally and formally, this approach to teaching. So, formally, what information 
does research offer concerning cooperative learning? 

Research on Cooperative Learning 

Cooperative learning techniques have been a part of education for many years. At 
the end of the 19th century, Parker was one of the most successful practitioners of 
cooperative learning, followed by another supporter in the I930's, Dewey (Johnson, 
Johnson, Holubec, & Roy, 1984). As early as the I920's, research on cooperative 
situations was carried out. The theory of Lewin, expanded upon by Deutsch, concern- 
ing cooperative and competitive situations is the foundation for most of the more 
recent cooperative learning research (Johnson et al., 1984). Starting in the early I970's 
(Totten, Sills, Digby, & Russ, 1991) research on cooperation in classroom situations 
and its effects on achievement, attitude, social development, and other factors began. 
Slavin (1989/1990) states that, "cooperative learning is one of the most thoroughly 
researched of all instructional methods" (p. 52). 

Research on cooperative learning, not necessarily specific to mathematics, has 
been abundant and the results have been favorable. Several reviews and meta-analyses 
of research on general cooperative learning (Johnson, 1989; Johnson, Maruyama, 
Johnson, Nelson, & Skon, 1981; Pepitone, 1980; Slavin, 1981, 1989/1990) are available. 
Davidson (1990a) states that the results summarized in these reviews indicate positive 
effects of cooperative learning in the areas of: (a) achievement, (b) learner's self-con- 
fidence, and (c) social skills and relations. Totten et aL (1991) provide a comprehen- 
sive annotated bibliography of research and applications of cooperative learning in a 
variety of content areas, including mathematics. The majority of research studies offer 
supporting evidence of cooperative learning. 

Research on cooperative learning in mathematics has increased. Summaries of 
research on cooperative learning in mathematics (Davidson, 1985; Webb, 1985) show 
that, in at least 40% of the cases, students in cooperative learning situations demon- 
strate higher achievement. Cooperative learning had positive effects on students* 
attitudes and confidence. Webb (1991) analyzed research on cooperative learning in 
mathematics for indicators of effectiveness based on student interactions. She con- 
cluded that the most effective small groups are those where students are free to talk 
about what they understand and don't understand, give each other detailed responses 



on problems, and give each other a chance to discuss. Some particular results on 
cooperative learning in mathematics, at various grade levels are mentioned here as 
examples. 

Phelps and Damon (1989) studied mathematics learning and development of 
spatial concepts using cooperative learning with students in Grade 4. Cooperative 
learning was effective when reasoning was required, but not with rote learning indicat- 
ing that collaboration may deepen understanding of concepts and improve problem 
solving. Gender differences lessened in the cooperative learning classes. Good, Reys, 
Grouws, and Mulryan (1989/1990) gathered data in an observational study of elemen- 
tary classrooms and concluded that students participating in cooperative learning 
were more actively Involved in learning, more motivated, and more enthusiastic about 
mathematics. They also observed that some students still tended to work alone and 
that better materials for teachers using cooperative learning strategies were needed. 
Yackel, Cobb, and Wood (1991) researched small-group problem solving at Grade 2. 
They found that learning opportunities and dialogue not found in traditional class- 
rooms occurred. The teacher's role and the use of appropriate activities are identified 
as crucial features of this cooperative learning study. 

The studies detailed above, and many others, have been carried out at the elemen- 
tary school level. Some research results at higher grade levels exists. In particular, 
cooperative learning at the college level has been receiving more attention recently. 
For example, Dees (1991) gathered data in a college remedial mathematics course to 
find whether cooperative learning helped students increase their problem solving 
abilities. The results showed significant differences in favor of cooperative learning. 
Students using cooperative learning performed as well or better on every measure in 
the study. 

Sheets and Heid (1990) discuss cooperative learning aspects that emerged during 
the implementation of computer tools in the mathematics classroom at the beginning 
algebra level and at the beginning calculus level. The evolving new roles of students 
and teachers are identified along with characteristics of the collaborative teams. This 
combination of technology and cooperative learning is emerging as one of the more 
favorable strategies in the calculus reform movement. Beers (1991) describes a 
combination of microlabs and cooperative learning labs used in calculus at Simmons 
College. She points out that the cooperative learning labs promote conversations 
about calculus and increases self-confidence. Dubinsky and Schwingendorf (1991) 
use cooperative learning groups in a computer laboratory environment at Purdue 
University. They have found this approach to be more successful than any other 
methods they have tried, but are continuing to refine the cooperative learning aspects 
of the laboratory to ensure involvement by all students. Research and interest in 
cooperative learning at the college level is growing and seems promising. 

Conclusions 

Gill (1990) completely summarized the merits of cooperative learning with the 
following: 

1. In the real world, skills and knowledge are used cooperatively. 

2. Cooperative learning promotes social growth. 



3. Cooperative learning harnesses the greatest single motivator, peer pressure, and 
makes it beneficial. 

4. Cooperative learning promotes life skills. 

5. Studies have shown an increase in learning, achievement, and performance for all 
members. 

6. Research tells us that cooperative learning allows for a freer exchange of thoughts 
and ideas without fear of failure. 

7. Individual achievement results from the support and assistance given from each 
group member. 

8. Cooperative learning increases problem solving skills and develops higher level 
thinking skills. 

9. Cooperative learning increases student self-esteem. 

10. Research shows that cooperative learning should be used in the classroom when we 
want students to learn more, like school better, like each other better, and make 
students responsible for their learning, (p. 4) 

Can we, in mathematics education, afford to ignore a classroom strategy that helps 
students develop in ways anticipated by business and industry; decreases peer pres- 
sure, fear of failing, and lack of self-esteem; and improves achievement, attitude 
toward mathematics, problem solving, and higher order thinking? I think not. We 
must investigate the potential of cooperative learning at all levels of mathematics 
education and take advantage of its power to improve the teaching and learning of 
mathematics. 
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Mathematics: An International View 

Edited by Igor Malyshev and Joanne Rossi Becker 

San Jose State University, One Washington Square, San Jose, CA 95192 

This column is as an avenue for discussion of the first two years of college mathematics with a 
global perspective. Because mathematics is an international culture, it is important to follow the 
development of mathematics education throughout the world. We feel that by sharing information 
from other countries with systems of education different from ours, we will gain an enriched 
understanding of, and a better perspective on, our own system. A completely different viewpoint on 
a topic can serve to stimulate our imaginations and help us find new solutions to a problem which will 
work in our context. As we move toward dramatic changes in both the curriculum and instruction in 
mathematics called for in many reports, retlection on practices used in other countries can only help 
our efforts. 

For this column, we would like to publish two t>pes of items: material with an international origin 
or context that you could use directly with your students; or information about the content and 
structure of coursework in other countries. We welcome submissions of 3-4 pages or suggestions of 
mathematicians from other countries from whom we could solicit relevant material. 

Send contributions for this column to Igor G. Malyshev at the address above. 

Integral and Combinatorial Identities 

by G.I. Prizva 
Kiev University, Ukraine 

Professor Georgii Prizva has been teaching mathematics at Kiev University, Ukraine 
(former Soviet ''republic"), for 25 years. His research interests are in Probability and 
Statistics, but for about as long as he has been teaching he has been involved in running 
miscellaneous mathematics competitions (Olympiads) at Kiev City and all-Ukrainian 
levels. He composes many original olympiad problems and trains teams of high school 
and college students for those competitions. He also has published extensively in the 
field of popularization of mathematics. 

In this article we show an alternative method of proving some combinatorial 
identities. The proofs are uased on a minimal knowledge of integration (and as a result 
available to second year students), but are powerful enough to handle rather compli- 
cated cases. The first three examples are chosen from the material offered at different 
mathematical competitions, and the last example belongs to the author. 

In intermediate algebra or discrete mathematics courses our students learn the 
Newton's binomial expansion formula 

(a^xf=a'^na'^^x^ '-^^—^a'-'x' + ... + = ^ C(/z, /) ^""V' . (1) 

Given that the case for /z = 1 has been verified, and, the validity of (1) for n^k 
presumed, proof by induction requires that we establish formula (1) for n=k+ 1. Let's 
illustrate how integration can be applied here. Using (1) for n^k we find that 

/■^ (^+l)(fl+3')^£?y = (A: + l) /'^ (a^-hka^'-^y + ... +/') dy 
= (^ + 1)/.- + ^^^^ 
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On the other hand, 



which concludes the proof. 

Using integration, as in the illustration above, we can establish other combinatorial 
identities. 

Example 1. To prove that 

C(/i, 0)-^C(n, 1) + |c(/i, 2)- ... + C(/i, n)=-;^, (2) 

where C(n, k) is the number of "^-combinations out of we introduce the function 

fix) = A- - ^ C(n, l)x^ + l C(/i, 2)x^-...+ Cin,n)x^^' . 

Obviously, for a: = 1, /(I) gives us the left side of (2). Then, since 

fix) = C(«,0) - C(/i, + C(n,2)x^ - ... + (-1)" C(/i,/t)^ , 
using (1) we find that f'(x) = (1-x)", and its antiderivative 

The constant C can be found from the fact that /(O) = 0 and C=/ (0) + l/(n + 1) = 
1/(71 + 1). That is, 

Example 2. As in example 1, to prove the identity 
C(/i,0) + 2-3 C(/i, 1) + 3-3^C(/i,2) + ... +(^2 + 1) •3'' C(n,n) = 4''"^ (3/z + 4) , 
we reduce the problem to finding the value / (1) of the function 

fix) = C(/i,0) + 2-3C(/i,1)a: + 3 3^ C(/i,2)a:^ + ... + (n + 1) -3" C(/z, /z) 
lis antiderivative (to the extent of unk lown constant) has the form: 

F(x) = C(n,0)x + 3C(/i,1)a-^ + 3^C(/i,2)a:^ + ... + 3'' C(/z, n)x^'^^ 
= X [C(/i, 0) + C(/i, l)(lx) + C(/:, 2)(3iv)^ + ... + C(/:, /:) (3a-)"l • 

Again, from (1) wc rmdF(.r) = a-(1 + Iv)", and therefore 
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/(a:)=F(a:) = (1 + 3xf + 3/z;c(l + 3xf~\ 
and, finally,/ (1) = 4/t + 3n 4"-^ = 4""^ (3/2 + 4). QED 
The following two cases are less elementary. 
Example 3. The identity we shall prove now is 



As a supporting integral relation we consider the formula 



m \ n: 



(/?i+/z-l)! ' 



which can be either borrowed from a reference source or proved using repeated 
integration by parts. Then leaving some details to the reader we find: 

= + / 2) (l— ")'" ^ (as a sum of a geometrical progression) 

=(.+1) (/;y^^^-/;(.-ir^^.) =;^(i+(-i)'>) . qed 



Example 4. Let's prove the identity 



„n ^7^1 + 1 (cz + 1)(2j+1) ... (/it? + l) ' 



m=0 



which is a significant generalization of (2) and is reducible to it when a -I. As before, 
we start with an integral relation, in this case 



which can be obtained with a substitution of variables y = and then multiple 
integration by parts. As a result, using (1) and the relation above, we find: 

2 = 2 (-1)'" CM j;."'" /; 2 (-1)- c(.,.o.v-' civ 



m=0 



m=0 



m=0 



0 
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Graphing Calculator/Pocket Computer Seminar 

Led by Bert Waits or Frank Demana 

Learn how the teaching of college precalculus and calculus 
concepts can be enhanced with graphing calculators/ 
pocket computers* Host a workshop on your campus. 

If you've ever attended a gn^hing calculator/pocket computer work- 
shop and wanted to know more... 

Or if you've ever had an interest in using graphing calculators or 
pocket computers to teach mathematics, yet never explored their 
potential as teaching enhancements, here's your opportunity. 

Bert Waits and Frank Demana ai^ seeking host sites for graphing 
calculator/pocket computer workshops designed for college faculty with 
the assistance of local colleagues. Extensive training vAW be provided on 
the Tl-8 1 and the new TI-85 graphing calculators/pocket computers. 

Much of the instmctional material will be taken from Calculus: A 
Graphing Appwach { Preliminaiy EAition } by Finney/Tliomas/Demana/ 
Waits and College Algebra/TrigonomeUy: A Graphing Appwach {2nd 
Edition) by DemanaAVaiLs/Clemens. 

Both Waits and Demana are noted lecturers on the leading edge of this 
technology-based approach to teaching mathematics. 

To arrange a 1 I / 2- or 2-day intensive technology woricshop for 
college faculty on your campus, simply contact Bert and Frank for 
details. Write: 

Bert K. Waits & Fraiikliii Deinana 
College Technology Workshop 
Department of Mathematics 
The Ohio State University 
231 W. 18tli Avenue 
Columbus. OH 43210 

Host site application deadline for summer of 1993 is November 1, 1992. 
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THE CHALKBOARD 



Edited by 

Judy Cain and Joseph Browne 

Tompkins Cortland Comm. College Onondaga Comm. College 

Dryden, NY 13053 Syracuse, NY 13215 

This column is intended as an idea exchange. We hope to facilitate an open exchange of ideas on 
classroom management, teaching techniques, tips for helping students get past the usual stumbling 
blocks, techniques for improving student participation, etc. We kjiow there are lots of good ideas out 
there, and this is your chance to share them. Our backlog is almost exhausted! Please send your 
contributions to either editor. 

Getting Kelp 

Pm not sure bow many times I have, in one way or another, told a student to get 
help on some topic, but I am sure that it's at least an order of magnitude greater than 
the number of times that the student actually did go get that help. Some of the time, 
the reason may be that the student doesn't even know what to ask about. I may have 
said "Be sure to memorize the quadratic formula," or "Get some help with rational 
exponents," but they may not have even understood what I was talking about. Conse- 
quently, they ignore the suggestion and never get the help they need. 

At my college a m.Jor supplier of help for mathematics students is the Math Lab. 
Tutors are available there to help students on either a drop-in or appointment basis. 
In hopes of making it easier for students to know what to ask for, I've started using the 
referral form, below. It can be given to the student or clipped to a paper I am 
returning. The form reminds the student where help is available as well as specifying 
the topics to work on. This last feature helps the laboratory staff as well. (JB) 



S'udent 

Please report to the Mathematics Laboratory 
topic(s) which seem(s) to need help. It would 
recent papers showing the difficulty. 

— Polynomial subtraction 

— Factoring: trinomials 

— Factoring: diff. of squares 
Negative exponents 

— Fractional exponents 

— Radicals 

Simplifying algebraic fractions 

Writing equation of a line 

Other (or additional instructions): 



Mathematics Laboratory Referral 

Class 



(Room A 108) to obtain assistance in the following 
assist the staff if you took along this form and some 

— Exponential functions: basics 

— Logarithmic functions: basics 

— Solving exp and log equations 
Quadratic formula 

— Solving linear inequalities 

— Solving quadratic inequalities 

— Composition of functions 

— Inverse functions 



Instructor 



Give them the practice 
they need, right when 
they need it, with 
Aufmann/Barker/Nation's 
interactive approach. 




ho sccrci {o Autmann/Barkcr/ 
Niuion's >uccess is iis proven 
I intL-raciivc approach. I-br each 
concept, siudenis are given 
a worked example, a "Try Exercise" 
dial provide> practice while die concept 
is ^lill iresh. and a ctmiplcic solution 
ai die back o( die book. 

All iour texts ntnv ieauire a dramatic new 
tle>it:n, new "h'ssay and Projccts"*sections, 
and a siUMiiier emphasis on technology. 

Instructor's Resource jVhinual with 
Chapter Tests • S(^lutions jVIanual 
' (!(Mii}Hiter!>:ed Test Cienerator • \^ideota|>es 
• Te^t lUnk • Student Solutions Manual 

• Computer Tutor (student S(^ftware) 

• Ciraphino \\'orklxK)k 

• Math Assistant (uraphini: software) 



K» ri\)i:i-s! vN.inim.Uion copies. 
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College 
Algebra 

Second Edition 

about 592 pages 
hardcover 



College 
Trigonometry 

Second Edition 

about 584 pa^zes 
hardcover 



College 
Algebra and 
Trigonometry- 
Second Edition 
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hardcover 



Pre calculus 
Second Edition 
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hardcover 
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The Problem Section 

Edited by Michael W. Ecker, Ph.D. Assisted by Robert E. Stong, Ph.D. 

Mathematics Department Mathematics Department 
Pennsylvania State University University of Virginia 

Wilkes-Barre Campus Charlottesville, VA 22903 
Lehman, PA 18627 



Greetings, and welcome to still another Problem Section! Before getting down to business, I'd 
like just to say how wonderful it was to see so many of you in Seattle (Nov. 1991 AMATYC 
Convention)! Not having been to an AMATYC convention for three years, I found it wonderfully 
refreshing and imigorating. We had a great time at the Pacific Science Center — even if I did chicken 
out of riding that bicycle on a thin circle some 50 feet up in the air. 

One thing that disappoints is how few AMATYC members are even aware that we have a 
problem section. Here it is more than a decade of doing this, and I don't mind so much not being 
known personally, but so many have never really paid attention to this section. W; .id a Jimmy 
Connors not notice that there are open, unused tennis courts across the street? 

This mathematical court is definitely open and awaits your input to make it better. So, please 
be reminded once more that ihcAMAJ i C Review Problem Section seeks not mundane exercises but 
lively and interesting problems and their solutions from all areas ofmathematics. Particularly favored 
are teasers and challenges of an elementary or intermediate level that have some applicability to the 
lives of two-year college math faculty and their students. We welcome computer-related submissions, 
but bear in mind that programs should supplement, not supplant, the mathematics. 

To submit material for this department, send your new problem proposals only, preferably typed 
or printed neatly with separate items on separate pages, to the Problem Editor at the home address 
shown below. If you have a solution to your proposal, please include it along with any relevant 
comments, history, generalizations, special cases, observations, and/or improvements. Include a 
mailing label or self-addressed envelope if you'd like to be assured a reply. 

All solutions to others' proposals should be sent directly to the Solutions Editor at his home 
address. Addresses are: 



Dr. Michael W. Ecker 
Problem Section Editor 
Vie AMATYC Review 
909 Violet Terrace 
Clarks Summit, PA 18411 



Dr. Robert E. Stong 
Solutions Editor 
TIieAMA JIT Review 
150 Bennington Road 
Charlottesville, VA 22901 



If you see your own problem printed later, please send Prof Stong a copy of your solution, 
regardless of whet her you sent me one originally with your proposal or not. This is not mandatory as 
policy, and you will automatically be listed among solvers in any case. However, this is the safest way 
to assure that your approach will be considered for publication as a featured solution. Thanksl 



Old Problems and Solutions Via Incubation 

1 and many others have long noted the value of letting the subconscious work on problems, where 
they may incubate, thriving on the admixture of a stream of assorted ideas. Perhaps it was the 
combination of teaching infinite series again and seeing the following AMATTC problem cited in 
Stan Rabinowitz's compilation of problems from several dozen journals (including this one) that 
brought this one to the fore. In retrospect, this one really seems easy now. (Recall the joke about 
the professor who works on a problem he calls obvious for a whole week and then tells his class that 
he was right: it was obvious after all!) 

Solution to K-3. (Fall/Winter 1983/J Af/lTl'C Review, page 55). Proposed by Michael W. Hckcr 
(then at the Worthington Seranton Campus of Penn State U): 
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a) Let F(r) = V where the numerator uses the Euler phi function (which counts the 
n 

n-\ 

number of positive integers under n that are relatively prime to n). Determine the domain of F. 

The answer is (2, oo). As with a p-series in intermediate calculus, the domain is a connected set 
of x-values: If a is in the domain of F and b > a, then b is in the domain of F as well by a simple 
term-by-term comparison. 

It suffices to show that x>l implies x is in the domain of F, and that 2 is not in the domain of F. 
For the first part, note that <p{ri) < n, so each term is less than 1/Af^~\ for which latter scries 
convergence is assured forx-1 > 1 (p-series result), orx > 2. 

Forx = 2, consider terms n = /? (a prime) only. Then {p) = /?-!, and our subseries' typical term 
is (p- 1)//?^. By a limit comparison, this subseries converges if and only if the series of terms Mp 

converges; however, ^ ^ ^ known divergent series. This concludes the argument. 
p\ prime 

Note: I still do not have a full answer for E-3*s part b), the alternating series version of part a. 

Teaser Solutions 

Teasers are math problems that typically take just a few minutes to at most a 
half-hour to an hour. Solutions follow the next issue. All correspondence to this 
department should go to the Problem Editor. 

Teaser #3. Two numbers have a sum of 8 and a product of 4. What is the sum of 
the reciprocals of the two numbers? 

Solution and Comment: The two numbers x andy satisfy x+y = 8 and Jty = 4, and we want the 
value of Mx + My. This last expression equals {x+y)l{xy) = 8/4 = 2. If one wishes a moral to 
such a simple story, it is dual: a) one need not always solve for the individual variables; b) 
appropriate form changes are at the heart of solving many problems — even ones much more 
involved than this. 

Teaser #4. What is the smallest possible value for the sum of a positive real number 
and its reciprocal? Simple proof, please. 

Solution and Comment: One could define f(A-) = x + 1/x forx > 0, get f'(x) and set it lo 0 to 
findx = 1 (remember: X > 0), and test to confirm an absolute minimum at x = 1. Thus, the 
smallest possible value is f(n = 2. 

However, a calculus proof is not needed. \[ x > 2 or x < .5, f(x) > 2 = f(J} because x or \lx 
(respectively) alone exceeds or equals 2. We need consider only elements of (.5, 2). Moreover, since 
f(lA:) = f(x), we may restrict attention to [1,2], on which closed interval f will have a minimum no 
larger than 2. 

Suppose f(x) < 2 for one or more elements x satisfying 1 < x < 2. ITien 

(f(x)]^ = (X + 1/x)^ = X- + 1/x- + 2 = f(x^) + 2 < 4 (since 0 < f(v) < 2). 

Thus, f(x'^) < 2 as well, though x*^ >x need not belong to (1,2). If we repeat this argument with 
X , we arc led to an increasing, unbounded infinite sequence of numbers x, x', x , x^ ... with 
corresponding function values all under 2. But f(x) > 2 for allx > 2, at least. This contradiction 
shows that there cannot be such an x with f(x) < 2, so 2 = f(l) is indeed the minmium value. 

Alternative: An even easier argument uses the quadratic formula: Set x + 1/x = v, v a possible 
value. This is equivalent,^ for positive X, to x^-vx + 1 = 0, and the latter has a real solution if and 
only if the discriminant v^--i is nonnegaiive. Thus, v > 2, confirming the minimality of f( I ) = 2. 

New Teasers 

Teaser #5, It is obvious that J -f 1/j = ft 4- 1/5 if and only if ^7 = or ^7 = 1//), Prove 
it — without calculus. 
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Teaser #6. Prove that there exist irrational numbers a and b such that is a rational 
number. (This is an oldie-goldie, but thanks to Charles Ashbachcr of Cedar Rapids, 
Iowa for the reminder, who in turn thanks Prof. Valery Marenich, Institute of Math- 
ematics in Novosibirsk, Russia.) 

Teaser #7. For k and /: whole numbers, demonstrate that {kn)\l{n\^) is integral, too. 
(This was proposed by Greg Foley to mc in person years ago at the Atlanta AM AT YC 
convention, where Greg handed this to me on a cocktail napkin.) 

Teaser #8. Proposed by Stephen Plett, Placentia, CA. 

R^, with the operations indicated below, is almost a vector space. What goes 
wrong? What subset(s) of would be a vector space with these operations?: 

abstract addition: (a, b) + (c, d) = (a+c, bd) 
abstract scalar multiplication: A'(^7, b) = {ka, b^). 

New Problems 

Set \y Problems arc due for ordinary consideration May J, JQ93. However, regardless 
of deadline, no problem is ever closed permanently, and new insights to old prob- 
lems—even Teasers — are always welcome. An asterisk on a problem indicates that 
the proposer did not supply a solution with the proposal. 

Problem W-l. Proposed by Jim Africh, College of DuPage, Glen Ellyn, IL. 

Solve for A-: ^T^Zf + = ^ 

Proposer's Comment: "This is a non-esotcric problem thai can be solved by any maihcmalics 
student with a solid background in algebra." 

Problem W-2. Proposed by Juan Bosco Romero Marqucz, Avilia, Spain. 
Prove that, if w > 1 and Q < b < c, then 

wb+c ^ b+c ^ b+wc 

Problem Editors Comment: There is an obvious interpretation, so this one could actually be a 
teaser for some people. 

Problem VV-3. Proposed by the Problem Editor, Pcnn State U, Lehman, PA. 

Look at the first few Pythagorean triples: (3,4,5); (5,12,13); (8,15,17); (7,24.25); 
(9,40,41). Nov,^ prove: a) Every primitive Pythagorean triple contains one and only 
one element divisible by 3. b) Same, but divisible by 5. 

Problem Editor's Comment: It is well-known that one clement has the form 2uv, with one of 
the generators u, v even, and this element is divisible by 4. The (3,4,5) example shows thiit this 
problem completes the question of a divisibility generalization. For another loiik at triples, 
however, sec the next problem. 

Problem VV-4. Proposed by Louis I. Aipert, Bronx Community College (part of the 
City University of New York), Bronx, NY. 

If primitives v generate Pythagorean triples iz-^-v-, 22n\ + i % find ihc 
primitives /?!, /: in terms of i/, \*that generate the triple twice thai generated by i/ and 
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Problem Editor's Comment: Note that the new tri.ile generated cannot be primitive, by 
definition. Dr. Alpert, who actually offered this as a teaser, comments that there is an interesting 
reversal of positions in the new triple. Since readers may care to explore this and this question 
might fit in nicer here (e.g., see W-3), I've included this with the regular problems. 

Problem W-5. Proposed by the Problem. Editor. 

Find all functions f defined on the set of reals for which i(a +b) = f(j) + f(b). 

Problem W-6. Proposed by Stephen Plctt, Fullcrton College, Fullcrton, CA. 

Upon looking at my digital wristwatch, I noted that all of the digits were different. 
Was this unusual? What's the exact probability that a digital timepiece will display 
distinct digits? 

Problem Editor's Comment: Mosi readers should be alert to make appropriate assumptions 
and interpretations prior to attempting to solve the problem. Until then, ycu may be solving a 
different problem than others have m mind. (E.g., do we assume 12-hour display? . . . IiH:MM:SS 
format? Are lead zeros displayed?) 

Thanks to a few activists such as Steve Plctt and Bob Stong, I now have an actual 
backlog of problems. However, I still welcome more very elementary ones, of which 
I have virtually none left with which to attract new solvers. 

Set U Solutions 
N-secting the Angle 

U-1. Proposed by Stephen Plctt, Fullerton College, Fullcrton, CA. 

The repetitive nature of the polar graph r-cos{kt) is well known for k an integer. 
Generalize by finding the smallest period of the graph for k rational. 
Solution by the proposer only. 

In polar coordinates, the points identified with (/•,/) are those of the form ((-ly n 
t+j k) with ; an integer, when r is not zero. Writing k - min with m and n relatively 
prime, one seeks the smallest s for which (cos(/?i(/ +5)//z), / + s) is the same point as 
(cos(/??///z), /) for all / . Taking t - 0, the point (1,0) must be the same as {cos{msln)^), 
sos-jjt where ; is an integer and mj/n is an integer with the same parity as ;. Taking 
j-hn to make nij/n integral, one must have hn = hni modulo 2. Thus, the smallest s 
is n when m and n are both odd and is 2ji if cither m or n is even. 

Note. Charles Ashbacher, Kirkwood Community College, Cedar Rapids, lA observes that this 
problem is fully discussed in the paper "Investigating The Petals of Hybrid Roses" by Kenneth 
S. Gordon in Mathematics and Computer Education, vol. 26, no. 1. 

The Count of Monte Triangle 
U-2. Proposed by Stephen Plctt, Fullcrton College, Fullcrton, CA. 

Suppose the usual two-dimensional x,y coordinate system is modified so that the 
positive >'-axis is forn cd at a 60-degree angle to the positive A-axis. Consider any 
lattice point {a^b) in this system^s first quadrant (i.e., a point (Oyb) with integral 
coordinates and a>0, ^>0). Each such point (^7,^) determines a unique paral- 
lelogram formed by the two axes (y = 0, a- = 0), the Vine x- a, and the Vine y = b. 

How many equilateral triangles are contained within or on this parallelogram if the 
triangles have lattice points for vertices and sides parallel to the axes and the lines 
,v + v = constant? 



Solutions by Robert Bernstein, Mohawk Valley Community College, Utica, NY and the 
proposer. 



The triangles with an edge of length k occur in pairs forming parallelograms with 
a pair of opposite vertices {x,y) and (x + k, y + k) where 0 < x, x-\-k < 0 < y, and 
y + k<b. Hence, the number of such triangles is 2(a-k + l)(b-k + I). For con- 
venience, one may suppose a< b. The total number of triangles is then 



Attack of the Killer Denominators 

U-3. Proposed by Ken Boback, Pennsylvania State University, Wilkes-Barre Campus, 
Lehman, PA. 

Rationalize the denominator of F: F = 1/(1 + + ^ ) 
Follow-up challenge: Change "4" to "5" in the expression. 

Complete solutions including the challenge by N.D. Aggarwal and S.K. Aggarwal, Embry-Rid- 
dle Aeronautical University, Daytona Beach, FL; Charles Ashbachcr, Kirkwood Community 
College, Cedar Rapids, lA; Robert Bernstein, Mohawk Valley Community College, Utica, NY; 
Jim Culliver and Davis Finley, Community College of Southern Nevada, North Las Vegas, NV; 
Scott Iliginbotham, Middlesex Community College, Burlington, MA; Stephen Plctt, Fullerton 
College, Fullerton, CA; Bella Wiener, University of Texas - Pan American, Edinburg, TX; and 
the proposer. Solutions without the challenge by Jim Africh, College of DuPage, Glen EUyn, 
IL; Joseph Browne, Onondaga Community College, Syracuse, NY; William Radulovich, Florida 
Community College at Jacksonville, Jacksonville, FL; G. Russell, Brevard Community College, 
Melbourne, FL; J. Sriskandarajah, University of Wisconsin Center-Richland, Richland Center, 
WI, and Grant Stallard, Manatee Community College, Bradenton, FL. 

Sincel/(1 + X +x^) = (a: -1)/(a:^-1), F = ^-l . For 1/(1 + w + v)withz/^ = a 
and = b, multiplying numerator and denominator by 1 - w - v + z/^ — z/v + 
gives a new denominator of (1 + a + b) - 3uv. Then further multiplication by 
(I + a + b)- + 3iiv(l + a + b) + 9«^w^ completely rationalizes the denominator to 
(1 +a +b 27ab. Applying this with a = 2 and 5 =5 gives 



U-4. Proposed by the Solutions Editor. 

When the Cincinnati Reds won the 1990 World Scries in four straight games, CBS 
may have lost as much as 150 million dollars in ad revenue. It was asserted that the 
average length of the series is six games. 

a) Assuming the two teams are evenly matched in a bcst-of-scvcn scries, what is the 
exact expected number of games played to obtain a winner? 

b) Can the probabilities be chosen so that the expected length of the scries is exactly 
six games? 



2[ab + {a-l) (b-l) + ... + l(i 




(l-^-^+^-^O +^5) (64+ 24^10 +9^100 )/242. 



A Short Series 



Solutions by N.D. Aggarwal and S.K. Agganval, Embry-Riddle Aeronautical University, Day- 
tona Beach, FL; Charles Ashbacher, Kirkwood Community College, Cedar Rapids, lA; Nicholas 
Belloit, Florida Community College at Jacksonville, Jacksonville, FL; Robert Bernstein, Mohawk 
Valley Community College, Utica, NY; Joseph Browne, Onondaga Community College, Syra- 
cuse, NY; Mike Dellens, Austin Community College, Austin, TX; Lawrence Gilligan, Uni versity 
of Cincinnati, Cincinnati, OH; Stephen Plett, FuUerton College, FuHerton, CA; G. Russell, 
Brevard Community College, Melbourne, FL; Frank Soler, De Anza College, Cupertino, CA; 
and Grant Stallard, Manatee Community College, Bradenton, FL. 

Letting p and q-l—p be the probabilities of winning for the two teams, the 
probability that the series ends with k-\-4 games is C(/: + 3, k)(p^q^ + p^Q^^). where 
C(it + 3, k) is the number of ways of choosing the k games won by the loser of the series 
from among the first k +3 games. The expected number of games in the series is then 

E = 4 + 4/7 + 4/7- + 4/7^ - STp"^ + 60/7^ - 20p^ , 

and at/7 = 1/2 the value is 93/16 = 5.S125. To find the maximum value, write E in terms 
of a: = p — l/2 to obtain 

E = 5.8125 - a:- [11.75 - 23x' + 2av'^], 

Since the quadratic 11.75- 23y + 20j- has no real roots, it is always positive, and the 
maximum value of E occurs aix = 0. Alternatively, the derivative of E is 

E' = ~8(/?-l/2)[15/;-(p-l)- - (2/; - 1)' + 2]. 

For p between zero and one, (2/7 — 1)- is at most 1, and the last factor is always 
positive. Thus E' is zero only at /7 = 1/2, is positive for smaller values, and negative 
for larger values, giving a maximum at /? = 1/2. 

Note. Lawrence Gilligan obser\'es that part a) is an exercise in "Introduction to Finite Mathe- 
matics" by Kemeny, Snell, and Thompson. A generalization of part b) appears as problem E3386 
in ihc American Mathematical Monthly wiih the solution in the March 1992 issue. 

Two-Part Harmony 

U-5. Proposed by Jayanthi Ganapathy, University of Wisconsin-Oshkosh. 

Find all harmonic functions u(x\y) (i.e. those satisfying w^.^ + u^y = 0) for which 
u^j^Myy—u^y l s l d e n 1 1 c a H y z c r o . 

Solutions by N.D. Aggarwal and S.K. Aggarwal, Embr^'-Riddle Aeronautical University, Day- 
tona Beach, FL; Charles Ashbacher, Kirkwood Community College, Cedar Rapids, lA; Stephen 
Plett, Fullerton College, Fullerton, CA; Joseph Weiner, University of Texas-Pan American, 
Edinburg, TX; and the proposer. 

Substituting u^^ = -n^^ into the second condition gives —(ul^. + uj;^) = 0, so ii^.^. 
u,,,,, and are all zero. Because = u,.., in the presence of continuity, it follows 
that u^. and Uy do not depend onx and y, so are constants. Hence //(.v,y) = a + hx + 
cy, where a, 5, and c are constants. 
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This informative new journal focuses on research related to the use of existing and 
future technologies in mathematics research, instruction, and learning. Mathemat- 
ics is becoming more experimental because of recent advances in technology. 
You and your students have greater access to powerful tools and are using them to 
create, teach, and learn mathematics. This journal will keep you abreast of the vital 
research and information you need to effectively use technology and change the 
ways in which mathematics is considered, done, and taught. 
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Book Reviews 

Edited by John J. Edgell, Jr. 



TRIGONOMETRY FOR COLLEGE STUDENTS, 5th edition by Karl J. Smith, 
Brooks/Cole Publishing Co., Monterrey, CA, 1991, 410 pages, ISBN 0-534-13728-8. 

With the extraordinary proliferation in college level trigonometry texts of varying standards in 
recent years, it is heartening to encounter a truly excellent, exemplary, and definitive edition. Karl J. 
Smith's book is first class in all respects. 

The author adopts the unit circle approach to developing trigonometric functions which imme- 
diately places the emphasis on conceptual understanding. The quality of exposition is first rate. There 
are all the usual Karl Smith trademarks: the tantalizingly interesting historical notes, which are sure 
to educate and inform the instructor as well as the students; the ample problem sets at the end of 
each section offering a variety of applications from the fields of geography, physics, surveying, 
astronomy, space science, engineering, business, oceanography, etc. Other features include: sugges- 
tions for further study of the end of each chapter; a cumulative review with accompanying sample 
examinations every two chapters; and, an appendix reviewing basic geometry to assist in the transition 
from high school algebra for those ill-advised students who arrive in college without any knowledge 
of geometry. 

Any instructor who has grappled with the problem of how to teach students the methods of 
graphing trigonometric functions when translations, additions and changes in amplitude and period 
are involved, will find the novel ideas of framing, used in Chapter 2, particularly illuminating. 

I very strongly recommend this superb book as a required text for a college trigonometry course. 
It is written in simple terms to accommodate weaker students, but the wide variety of problems and 
applications should also satisfy and inspire the more capable student. 

Reviewed by Stewart C. Welsh, Southwest Texas State University, San Marcos, TX 78666. 

ON THE SHOULDERS OF GIANTS: NEW APPROACHES TO NUMERACY, Edited 
by Lynn Arthur Steen, National Academy Press, Washington D.C., 1990, 216 pages. 
ISBN 0-309-04234-8. 

In an era of budget cutbacks in community colleges, we are all being called upon to search for 
ways to capture and challenge the minds of our students in both present day applications and classical 
philosophy. However, we must do so under severe financial restrictions. Occasionally we discover 
new ways, but often we revise tried and true methodologies. As professionals, we are all well aware 
of the sequence of building upon the ideas of those who preceded us, and then, in turn, contributing 
to the pool of knowledge. Unfortunately, it is frequently difficult to trace some important ideas back 
to their problematic roots, and to cite true historically or culturally important personalities. ON THE 
SHOULDERS OF GIANTS: NEW APPROACHES TO NUMERACY, endeavors to supplement the 
standard tools across a variety of traditional topics. The authors of the essays not only justify 
applications of modern technology, but they help students to make independent mathematical 
generalizations as well. 

One of the particularly nice features is the emphasis upon hands-on, concrete experiences for 
learning ideas. For example, one ^f the essays develops the concept of conic sections by describing a 
demonstration that involves the placing of a physical model of a cone in water and observing the water 
line. Most of these suggestions are inexpensive and use ordinary equipment. 

For those interested in some innovative, concrete, hands-on techniques for teaching important 
mathematical applications and ideas which do not require expensive laboratory equipment and yet 
retains the essence of classical mathematics, one should browse this book for ideas. 

Reviewed by Charles /xshbacher, Kirkwood Community College, Cedar Rapids, lA 52406. 




THE HISTORY OF MATHEMATICS-AN INTRODUCTION, 2nd edition by David 
M. Burton, Wm. C. Brown Publishers, Dubuque, lA, 1991, 678 pages, ISBN 0-697- 
11196-2. 

In years past, standard references for a history of mathematics course designed for secondary 
teachers of mathematics have included, (Ball, 1968), (Bell, 1965), (Eves, 1983), and (Newman, 1956). 
More recently Burton's book, THE HISTORY OF MATHEMATICS - AN INTRODUCTION, 
(Burton, 1985), has become a primary resource for this course. The second edition continues the 
same emphasis upon developing a historical perspective based primarily upon the mathematical 
problems relative to the times and the notable work of those mathematicians upon whose shoulders 
we build. A particularly attractive facet of the text is that there are many exercises for the student to 
gain experience in arriving at a historical appreciation of the tools and skills and problems of the times. 
Problems are presented to be the focus about which mathematics has evolved, fhe associated 
personalities and issues of the items are included which give color and dynamics to the mathematical 
evolvement. A particular!)' nice addition to the second edition, which is a major concern of AMATYC, 
is an increase in attention to the influence of women mathematicians. Students usually find enough 
problems to be accessible and seem to appreciate the role that challenging problems of the times have 
had upon the growth and maturing of mathematics as a dynamic, ever-growing body of knowledge. 

Reviewed by John J. Edgell, Jr., Southwest Texas State University, San Marcos, Texas. 
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Software Reviews 

Edited by Shao Mah 



Title: Mathematical Plotting Package, version 3.50 
Authors: Howard Lewis Penn, Jim Buchanan and Frank Pittilli 
Address: Mathematics Department 

U.S. Naval Academy 

Annapolis, MD 21402 
Price: No charge; software available by sending two formatted 5-1/4" diskettes to Prof. 
Howard Lewis Penn 

Hardware Requirements: IBM compatible computer with at least 512 k of memory and a 
CGA, EGA, VGA or Hercules board but a color monitor with EGA or VGA 
graphics board is recommended. 



The Mathematics Plotting Package was created to be used in conjunction with learning calculus 
at the US Naval Academy. It was intended to provide a calculus course with computer graphics. The 
package contains two disks. 

Disk one, MPP, has eight modules: 

1. MPP (Mathematics Plotting Program) 

2. Root (Root finding by Newton, bisection or secant) 

3. Integral (Evaluation with trapezoidal, Simpson or Riemann sums) 

4. Slope (Definition of derivative illustration) 

5. Contour (Plots up to 15 contour lines) 

6. Vector Fields (plots vector fields) 

7. Double Integrals (Rectangular or polar coordinates) 

8. Triple Integrals (Rectangular, cylindrical or spherical coordinates) 

The package is menu driven. The choice of any one of the eight modules is available from the 
menu. Each module provides a brief explanation in how to use it at the beginning of the module on 
the screen. A help window is also provided for many modules. In each window, the program lists the 
available options. Therefore, a user will find that the Mathematics Plotting Package is very simple to 
use. 

The plotting program, MPP, can plot y as a function of x, x as a function of y, polar equations or 
parametric equations. It can also draw up to six different graphs to be shown on one screen. The 
graphs are very well constructed with a high degree of accuracy on the VGA monitor. The program 
does not provide the zooming feature but a user can change the maximum and minimum values of 
the variables to make the graphs bigger or smaller. The colors of the graphs can also be changed by 
simply pressing the <F5> key. If the user desires, text can also be inserted on screen along with 
graphs. 

The root module allows the user to find roots of an equation using Newton's method, the bisection 
method or the secant method. For the Newton*s method, a user must pro\dde the initial value by 
estimating from the graph of the equation on the screen. The program will then show how each 
successive estimate is obtained. When two estimate values are too close, the program rescales the 
graph and continues. The program stops when two estimated values agree to six digits. The bisection 
method or the secant method must be provided with the initial values of left and right endpoints. 

The. integral module allows a user to evaluate a definite integral by using Riemann sums. 
Trapezoidal rule or Simpson's rule. 

The slope module illustrates the approximation of the tangent line. Similar to the Root module, 
the program will automatically stop its calculations when a desired accuracy is reached. It is very 
helpful for a student to understand the convergent process of a tangent line. 

The contour module can plot up to 15 contour curves of function of two variables and it can be 
arranged to graph an equation of two variables. The plottings are considerably slower when variables 
have rational exponents. However, the contour curves are nicely drawn out in different colors if one 
is using a color monitor. 

llie vector field module draws a set of two dimensional vectors for a vector function. These 
vectors are drawn to their appropriate lengths and the vector field is illustrated quite nicely. 

The double and triple integrals are the last two modules of disk one. The double integral module 
accepts either rectangular or polar coordinates. The program also provides the graph of the 
integrating region for the integral. The triple integral module performs triple integral in rectangular, 
cylindrical, or spherical coordinates, and the triple integral module is the only module which has no 
graphs. 

Disk two, MPP3D, is a three-dimensional plotting program. The program has no explanations 
in the manual but it is mainly self-explanatory. The graph of the solid (after the program draws) 
appears in a box without axes. The graph can be rotated to be viewed from different view-points. 
MPP3D is a very wcl*. ':onsiructed software. 

In conclusion, although the Mathematics Plotting Package does not have the capacities of 
symbolic differentiations and integrations, its programs have provided many practical concepts in 
calculus for student learning. Compared to much available commercial software, the graphs are 
better constructed, and the speed of graph drawing is faster. The reviewer has found MPP very handy 
to use for a calculus course. 

Send Reviews to: Shao Mah, Editor, Software Reviews 
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Excellent Textbooks 



Munem • Foulis 
College Algebra 

WITH APPLICATIONS THIRD EDITION 

Algebra and Trigonometry 

WITH APPLICATIONS THIRD EDITION 



Unsurpassed Supplements 

The Video Tutor Interactive video tutorials on all key 
topics in each Munem & Foulis textbook. 

The Video Tutor Guide Worksheets for students to 
complete as they interact with the video tutorials. 

Graphics Discoveries Workbooks that thoroughly 
incorporate graphing calculators in the courses. 

TI-81 Video Tutor A 60-minute video tutorial on how 
to use the TI-81 graphing calculator. 

Student Guides with Solutions 

Test Banks plus Ready-Made Tests 

GENIE Test-Generation Systems 

Solutions Manuals for Instructors 

Teaching Transparencies 



Worth Publishers 33 IrvingPlace, New York aty 10003 

(800) 223-1715 or (212) 475-6000 



In- 



AMATYC Institutional Members 

(as of May 25, 1992) 



Addison-Weslcy Pub. Co. Reading, MA 01867 
Albuquerque Technical College, Albuquerque, 

NM 87106 
AmarlUo Jr. College, Amaiulo, TX 87106 
American River College, Sa^ ramento, CA 95841 
Anoka Ramsey Comm. ColU^e, Coon Rapids, 

MN 55433 

Austin Comm. College (RGC Campus), Austin, 
TX 78714 

Ball State University, Muncie, IN 47306 
Bellevue Comm. College, Bellevue, WA 98009 
Bermuda College Acad. Res. Ctr., Devonshire, 
BA DV8X 

Brooks/Cole Pub. Co., Pacific Grove, CA 93950 
Bucks County Comm. College, Newton, PA 18940 
Burlington County College, Pemberton, NJ 08068 
Burlington County College, Pemberton, NJ 08068 
Charles County C. C, La Plata, MD 20646 
Cincinnati Tech. College, Cincinnati, OH 45223 
Cochise College, Sierra Vista, AZ 85635 
College De Sherbrooke, Sherbrook, PQ JlH 5M7 
College of DuPage, Glen Ellyn, IL 60137 
College of Lake County, Grayslake, IL 60030 
Columbus State Comm. College, Columbus, 
OH 43216 

Coram. College of Southern Nevada, N. Las Vegas, 
NV 89030 

C. S. Mott Comm. College, Flint, MI 48503 
Cuyahoga Comm. College, Parma, OH 44130 

D. C. Heath and Co., Lexington, MA 02173 
Dean Junior College, Franklin, MA 02038 
De Kalb Comm. College, Decatur, GA 30034 
Delavt^are County Comm. College, Media, PA 19063 
Delta College, University Center, MI 48710 
Dodge City Comm. College, Dodge City, KS 67801 
Dona Ana Branch Comm. College, Las Cruces, 

NM 88003 

El Paso Comm. College, EI Paso, TX 79998 
Evergreen Valley College, San Jose, CA 95135 
Florida College, Temple Terra, FL 33617 
Florida C. C. North, Jacksonville, FL 32218 
Fullerton College, FuIIerton, CA 92634 
Galveston College, Galveston, TX 77550 
Garland County C. C, Hot Springs, AR 71914 
Genessee Comm. College, Batavia, NY 14020 
Grant Mac Ewen College, Edmonton, AB T6K 2P1 
Grant Mac Ewan C. C, Edmonton, AB T5B 0R8 
H&H Publishing Co., Clearwater, FL 34625 
Harcourt, Brace, Jovanovich, San Diego, CA 92101 
Harper Collins Pub. Co., Glenview, IL 60025 
Harrisburg Area C.C., Harrisburg, PA 17110 
Howard Comm. College, Columbia, MD 21044 
Idaho State Univ., Pocatello, ID 83209 
Illinois Central College, East Peoria^ IL 61635 
Illinois State University, Normal, IL 61761 
Tnver Hills C. C, Inver Grove Hts., MN 55075 
JoWtt Jr. College, Jolict, IL 60436 
Kansas College of Technology, Salinas, KS 67401 



Kapiolani Comm. College, Honolulu, HI 96816 
Kean College of New Jersey, Union, NJ 07083 
Lake City Comm. College, Lake City, FL 32055 
Lane Comm. College, Eugene, OR 97405 
Madison Area Tech College, Madison, WI 53704 
Marine Institute, St. John's, NF AlC 5R3 
Massasoit Comm. College, Brockton, MA 02402 
MetropolitanTechnicalCC, Omaha, NE 68103 
Middlesex County College, Edison, NJ 07601 
Minneapolis C.C., Minneapolis, MN 55403 
Mohawk Valley Comm. College, Utica, NY 13501 
Montgomery College, Takoma Park, MD 20912 
Normandaie College Learning Research Ctr., 

Bloomington, MN 55431 
North Hennepin C. C, Minneapolis, MN 55455 
North Idaho College, Coeur D'AIene, ID 83814 
North Lake College, Irving, TX 76201 
North Seattle Comm. College, Seattle, WA 98103 
North Shore Comm. College, Dan vers, MA 01923 
Northern Arizona University, Flagstaff, AZ 86011 
Oakland Comm. College, Royal Oak, MI 48067 
Oakton Comm. College, Des Plaines, IL 60016 
Onondaga Comm. College, Syracuse, NY 13215 
Oregon Inst, of Technology, Klamath Falls, 

OR 97601 

Pan American Univ., Edinburg, TX 78539 
Parkland College, Champaign, IL 61821 
Penn Stat'- Unlv.-Allentown, Fogeisville, PA 18051 
Penn State University-Capltal Campus, Middle- 
town, PA 17057 
Pierce Jr. College, Philadelphia, PA 19102 
Pima Comm. College, Tucson, AZ 85709 
Pima Comm. College, Tuscon, AZ 85703 
Polk Comm. College, Winter Haven, FL 33881 
Raritan Valley C. C, Somerville, NJ 08876 
Richard D. Irwin Inc., Boston, MA 02116 
Richard D. Irwin Inc., St. Paul, MN 55105 
Robert Morris College, Coraopolis, PA 15108 
St. Charles County C. C, O'Fallon, MO 63366 
San Diego Mesa College, San Diego, CA 92111 
Santa Rosa Jr. College, Santa Rosa, CA 95401 
Saunders College Pub. Co., Philadelphia, PA 19105 
Schoolcraft College, Livonia, MI 48152 
SIAST, Saskatoon, SK S7K 3R5 
Southwest Virginia C. C, Richlands, VA 24641 
SUNYAg& Tech College, Alfred, NY 14802 
Tarrant County Jr. College NE, Hurst, TX 76054 
Tarrant County Jr. College, Hurst, TX 76054 
Tarrant County Jr. College S., Ft. Worth, TX 76119 
The College Board, Philadelphia, PA 19104 
Three Rivers Community College, Poplar Bluff, 

MO 63901 
Tulsa Jr. College, Tulsa, IL 74133 
Univ. of Alaska-Anchorage, Anchorage, AK 99508 
University of Wyoming, Laramie, WY 82071 
Waterbury Tech. College, Waterbuty, CT 06708 
William Rainey Harper College, Palatine, IL 60067 
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BESTCif¥AyA!L.lLE 



LIBRARY SUBSCRIPTION 



Annual Library Subscription Fee: $25 [Includes The AyATYC Review (Fall and 
Spring) and The AMATYC News (Fall, Winter and Spring)] 



Name of Library 



Name of Institution 



Ad d ress 



City 



St&sC 



Zip 



NOTE: This application form is your invoice for the subscription fee and payment 
must accompany the completed application. Retain a photocopy of this form for your 
records if necessary. Please make check payable in U.S. funds to AMATYC and mail 
to: 

Margie Hobbs, AMATYC Treasurer, State Technical Institute at Memphis, 
5983 Macon Cove, Memphis, TN 38134 

Rev F, 1992 



INSTITUTIONAL MEMBERSHIP 

Colleges, publishers, and other institutions can support AMATYC by being Institutional Mem- 
bers. As indicated below, the annual membership fee is $170. Subscriptions to Tlie AMATYC Review 
and The AMATYC News are included in this fee. Of particular importance to collegiate institutional 
members is the AMATYC committee for mathematics department chairpersons. 

An additional benefit of insitutional membership is one complimentary AMATYC conference 
registration. Future conventions, which are held in the Fall, will be in Indianapolis (1992) and Boston 
(1993). Institutional members support the excellence of the programs at these annual conferences. 

INSTITUTIONAL MEMBERSHIP APPLICATION 

Mail to: Margie Hobbs, AMATYC Treasurer, State Technical Institute at Memphis, 
5983 Macon Cove, Memphis, TN 38134 



AMATYC College Contact Person 



Position 



Name Of Institution 



Address 



Cily State Zip 

Membership Fee - $170 in U.S. funds payable to AMATYC (includes Vie AMATYC 
Review^ The AMATYC News ^ and one complimentary conference registration) 
Note: Institutional membership does not include any voting privileges. 

Rev V, 1992 
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WHY JOIN AMATYC? 



The American Mathematical Association of Two-Year Colleges (AMAITC) was established in 
1974 to provide a unique, national forum for two-year college mathematics educators. Today, 
AMATYC is the only national organization that exclusively serves the needs and purposes ^-f .pis 
group. 

AMATYC holds a national conference annually in a major city. AMATYC encourages two-year 
college mathematicians to assume responsible leadership positions; to interact on an equal basis with 
four-year university personnel; to be members on a proportional basis of national steering or policy 
committees; to represent at the national level the concerns of two-year college mathematics 
educators. The AMA^FYC Review provides an opportunity to publish articles by and for two-year 
college faculty. A national newsletter is published three times yearly for all members. ANTATYC is 
a member of the National Conference Board of the Mathematical Sciences. 
INDIVIDUAL MEMBERSHIP APPLICATION The American Mathematical As- 
sociation of Two-Year Colleges 

Mail to: Margie Hobbs, AMATYC Treasurer, State Technical Institute at Memphis, 
5983 Macon Cove, Memphis, TN 38134 



First Name MI Last Name Position 



College 



College Address 



City Slate Zip 

Residence Address 

City State Zip 

Indicate preferred mailing address: ; : College ; ; Residence 

All payments in U.S. funds payable t AMATYC. Membership fee: 

LI] $25 Yearly Individual Membership (any person interested in two-year 
college mathematics) 

■ ! $10 Yearly Associate Membership (full-time student, no voting privileges) 

Name of AMATYC Member Sponsor 

. ; $500 Individual Life Membership 

Membership includes Tlx e AM A'P/C Review and TJieAMATi'CNews. In addition, the 
following journals are available at extra cost: 

r Mathematics and Computer Education Journal $20 for 3 issues 

The College Mathematics Journal $40 for 5 issues 
, l UMAP Journal $37 for 4 issues (U.S. subscriptions only) 

Total Amount Enclosed Date Paid 

Rev F, 1992 



TAKE A FREE TEST DRIVE: 

CLASS TEST EXLEY/SmH 



Introducing th€ 1993 ExUy/SmUh ifrieg by PrtntUe Hall Smooth (meg atid 
uncompromising attention to dttaU hav€ redefined th€ standards of precision 
and accuracy to put your students on the road to calculus^ 

College Algebra 
College Algebra and Trigonometry 

After crafting the tcxti, extensive reviewi and focui groups honed the 
streamlined, mathematically correct style that will be the trademadc of the 
Exley/Smith scries. By carefully examining the texts' innovative features and 
advanced supplements, your test drive will be the final step toward an error-free 
class-tested edition for Fall 1993. 

•**Real- World Connections" open each chapter, bridging the gap between 
current material and real life, other chapters and math history, 
•"Graphing Calculator"* technology is incorporated throughout, 
via tutorial boxes. 

•Exercise Sets, including Warm-ups, Practice Problems, Challenge Problems and 
•*In Your Own Words," allow students to get behind the wheel and enjoy smooth 
rides through each chapter. 

•More detailed, worked examples than any other text are provided using stq>-by- 
step explanations. 

A high'pownd supphtmnts package that fifo« distanc; inchxSrtg: 
•X(PLORE) Version 4,0 by David Meredith. This mathematical processor evalu- 
ates expressions, gn4>hs curves, solves equations, and calculate* matrices. Key 
graphing problems from Exley/Smith arc solved using X(PLORE) templates. 

•Tutorial software, videos, and computerized testing programs combine to make 
the ExJey/Smith package the new driving force in precalculus. 

The best way to choose the book is to use ^booL 

Contact your local Prentice Hail representative for a class Ust drive or write to: 
Paul Banks, ESM Marketings Prentice HaU, 113 Sylvan Avenue^ 
Englewood Cliffs, NJ 07632 . 
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PURPOSE: AMATYC remains committed to its original purposes: 

• To provide a national forum for the exchange of ideas 

• To further develop and im[»rove the mathematics education of students of two-year colleges 

• To coordinate activities of atoliated organizations on a national level 

• To promote the professional development and welfare of its members 

The AMATYC Review provides an avenue of communication for all mathematics 
educators concerned with the views, ideas and experiences pertinent to two-year 
college teachers and students. 

SUBMISSION OF MANUSCRIPTS: Manuscripts must be typed, doubled-spaced, on 
one side of 8-1/2" x 11" paper. They should not have been published before, aor 
should they be under consideration for publication elsewhere. Photographs should 
be black and white glossy prints. To provide for anonymous reviews, the author's name 
and affiliation should appear on a separate title page. The title should also appear on 
the first page of the exposition. Authors are advised to consult the Publication Manual 
of the American Psychological Association . A guideline for authors is available from 
'* e editor. If facilities are available, authors are advised to prepare manuscripts using 
a word processing program on a 5-1/4" IBM compatible floppy disk. Final drafts of 
accepted manuscripts may be submitted on such a disk. Five copies of each 
manuscript should be submitted to Joseph Browne, Onondaga Comm. College, 
Syracuse, NY 13215. 

PHOTOCOPYING AND REPRINTS: General permission is granted to educators to photocopy 
material from T}ie AMAIYC Review for noncommercial instructional or scholarly use. Permission 
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ing, or to reprint articles in other educational publications. Once permission is obtained, credit 
should be given to the source of the material by citing a complete reference. 
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CONVERGE 



""^^ Software for Algebra through Calculus 

by John R. Mowbray 



Easy to use, powerful educational software that demotistrates mathematical processes and 
helps students understand math concepts and principles. Prints textbook quality ^aphs 
from your PC directly on your laser printer or from popular word processors, 

"Add Converge to your shopping list of educational software packages for the mathematics 
classroom .... Clearly designed and written by educators ... provides students the ability to 
conceptualize difPcult topics ... you will revel at the ease with which Converge will save its 
attractive graphs for use within EXP*.... I highly reconxmend Converge .... " 

— Lawrence G. Gilligan, University of Cincinnati 




^ "With a software package such as Converge (which 
incidentally, is the best one I've seen to date) 
mathematics appears as the dynamic subject that it 
is!" — Joe May, North Hennepin Community College 

• Graphs any equation • Automatically draws 
horiz.. vert., k slant a.symptotes for all functions of 
X • Simultaneous views of graphical and numerical 
'"onvergence for limits, derivatives, integrals, areas 
between curves, volumes of solids of revolution, 
Simpson's Rule. Secant, Bisection ^ Newton's 
Niethods • .Matrix calculator, row rodxicer • Macros 

• Graphs inequalities in 1 ^' 2 var's • SUde shows 

• Drawing with a mouse • AND MUCH MORE !!! 

Price: SlIO (plus SlO shipping/handling in USA), 
Student version, network licciise, dept. faculty site 
license, and detailed brochure also available. 



JEMware 
Kawaiahao Executive Center 
567 S. King St., Suite 178 
Honolulu, HI 96815-3076 

Phone: 808-523-9911 
FAX (24 hr): 808-54,5-3503 
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Editor Comments 



New Editoriak Staff 



Greetings from your new editorial staff for The AMATYC Review: Jane Covillion, 
Production Editor, and Joe Browne, Editor. We have been handling manuscripts for 
about a year now, but, as I write this, we still are going through the apprehensive 
experience of actually producing our first issue. We ask your patience with the 
inevitable slips we will make at first. On the other hand, please feel free to make 
suggestions on how you think this could be made a better journal. 

We want to thank the former editors, Don Cohen and Roy Cameron, for six very 
productive years and the excellent job they did. We also appreciate all their help and 
suggestions when we needed them. 

Policy Change 

Comments from referees and Editorial Panel members over the past couple of 
years have questioned the inclusion of specific calculator or computer commands and 
programs. The feeling frequently expressed was that most people did rot actually read 
them or want them included. This has led to the policy below which is included in the 
newest Guidelines for Authors. Implementation will not be instantaneous, but this is 
the direction we are headed. 

Technology -oriented articles may be grouped into two, not necessarily distinct, categories: 
technology used as a teaching aid and technology used as a mathematical tool. In either 
case, the major intent of an article should be to help teachers and students to learn about 
mathematics, not about the machine or software. References to technology should be as 
generic as possible (e.g., "using a computer algebra system we find..." rather than "using 
Derivc's [specific command] on an IBM PS/2-55 yields [specific output]"). Program 
listings, specific commands, and sequences of button pushes are usua.Iy inappropriate, 
though short segments may be included when they are essential to understanding the 
(mathematical or pedagogical) point being made. 



In this issue we begin a new occasional feature: interviews with people who have 
made significant impact on the two-year college mathematics scene. Readers are 
invited to make suggestions on who should be included in the future. We begin with 
Allyn J. Washington. Over a million students have used Al's books which have 
essentially defined technical mathematics for the past thirty years. He has received 
the NYSMATYC Award for Outstanding Contributions to Mathematics Education. 
After over twenty years of teaching at Dutchess Commu • college, Al '^retired" to 
the beautiful mountains of California. He continues produce revisions of the 
technical mathematics books and attends several mathematical meetings each year. 



About the cover 
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VIEWPOINT 



Strategies for Making Mathematics Work for 

Minorities 

by Beverly J. Anderson 

Director, Office of Minority Affairs 
The Mathematical Sciences Education Board of the National Research Council 
and Professor of Mathematics, University of the District of Columbia 

(Editor's note: These remarks were the concluding part of Dr. Anderson *s keynote address 
at the 1991 AMATYC Annual Conference in Seattle. Much of the earlier portion of the 
address was devoted to history and statistics concerning minority students and the 
two-year college. The interested reader should consult the various reports listed under 
''References. ") 

By the year 2000, minorities will constitute one in every three American students. 
It has also been projected that from 1985 to the year 2000, over 21 million new jobs 
will be created (U.S. Department of Labor, 1988). These new jobs, even those not 
requiring a college education, will require basic skills in mathematics and the ability 
to reason. More than half of these jobs will require some education beyond high 
school and almost a third will require a college education. Thus, over the next ten 
years, Americans must take significant steps to keep minorities in school and focused 
on the appropriate academic areas those jobs will demand. Hence, it is no longer just 
an educational issue but, indeed, it has become an economic one as we consider who 
ultimately will be supporting American systems, such as social security. 

A Vision 

In the year 2000, as we take that flight into the future, I see the two-year colleges 
having strong articulation programs with four-year institutions, and those four-year 
institutions will include Historically Black Colleges and Uni-versitics (HBCU), 
Hispanic Serving Institutions (HSI), and four-year tribal colleges. I see two-year 
institutions setting world-class standards, especially in the area of mathematics, that 
will guarantee unchallenged acceptance of two-year college students for the continua- 
tion of higher education in any university. I see four-year institutions accepting 
graduates from two-year colleges with marked enthusiasm, knowing that an influx of 
these graduates will not devalue their institutions. I see remedial courses designed to 
ensure student success, i.e. small classes staffed with experienced, well-motivated and 
talented teachers, as well as with student mentors. I see two-year colleges in partner- 
ships with HBCUs, HSIs, and majority institutions to produce more teachers of 
mathematics prepared to teach in urban school systems, and in heavily minority 
populated schools. I see two-year colleges identifying potential teachers of mathe- 
matics, chemistry, and physics, as well as potential engineers, and scientists, and 
working hard at strengthening these students, especially in mathematics. I see these 
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students, perhaps during their second year, having joint enrollment in both the two 
and four-year institutions that are in joint partnership. I see two-year institutions 
having numerical targets for transferability, and numerical targets for minorities to 
transfer into teacher education programs in the mathematical sciences, as well as in 
engineering, and other mathematics-based programs. I see mathematics faculty at 
two-year colleges asking themselves the question posed by Dr. Tilden Lemelle, the 
new president of the University of the District of Columbia, in his first address to the 
faculty: How does what we do prepare our students for living and for making a living? 
I see mathematics faculty in two-year institutions serving as mentors for students, 
especially minority students to help them see what is and can be for them — to show 
them a future in the mathematical sciences. I see mathematics faculty in two-year 
institutions working closely with school teachers and faculty in four-year institutions 
to strengthen programs and facilitate student transition. I see mathematics faculty 
providing good educational advising, serving to create and sustain mathematics clubs, 
and serving as the core change agents at the two-year institutions. 

So then, WHAT MORE CAN TWO-YEAR COLLEGES DO to make mathe- 
matics work for minorities? I will recommend ten strategies on what we can do to make 
mathematics wo^k for minorities: 

Strategy I: Shift our paradigm, if necessary, to one which allows us to behave under 
the belief th?.t all students can and must learn mathematics, and that minorities can 
succeed in mathematics and mathematics-based fields. Set high expectations for all 
students and, most of all, make sure that students know these expectations. 

Strategy II: Set up articulation and collaborative programs with HBCUs, HSIs, as 
well as majority institutions, to facilitate smooth transferability. Also, work closely 
with faculty in schools and four-year institutions to strengthen programs and facilitate 
student transition. You may want to examine the program. Exploring Transfer, 
directed by Dr. Janet Lieberman of Fiorello H. LaGuardia Community College, and 
Dr. Colton Johnson of Vassar College. A collaborative, voluntary program, this 
program emphasizes experiential education, collaborative structures, and the power 
of the site. 

Strategy III: Make the teaching profession a glamorous and rewarding one — one 
worthy, of the best students! Identify the best potential teachers among your ranks, 
provide incentives for them to go into the teaching profession, and provide them with 
the strongest possible program to prepare them for the four-year institutions. Have 
your pre-tcacher education program designed like those in the connecting universities, 
and with appropriate support for student success. Develop a mechanism for joint 
enrollment in both the two-year and the four-year institutions. Bear in mind that today, 
only 9% of the public senior high school teachers of mathematics are minorities, which 
is evidence of a wide disparity between the supply of minority mathematics teachers 
and the proportion of minority students in virtually all states. Also, less than one-half 
of all public senior high school teachers of mathematics (47% with primary assign- 
ment) actually have a college major in mathematics. 




Strategy IV: Intensify minority recruitment showing students the advantages of 
beginning their college work in a two-year institution, and of the ties that the two-year 
institutions have with four-year institutions. Be sure to let them know about ties to 
HBCUs and HSIs and majority institutions without steering them into specific schools. 
HBCUs may be especially receptive to developing strong ties in teacher education in 
mathematics and science. 

Strategy V: Promote and communicate with appropriate minority communities' 
research on accomplishments of minority mathematicians and scientists who began 
their college training in two-year institutions. Also, follow your own students, and 
have successful ones come back to the college and talk to the students. 

Strategy VI: Restructure remedial courses for success, incorporating co-operative 
learning, peer tutoring and computer assisted instruction as supplements to traditional 
teaching methods. Have experienced, well-motivated, and talented teachers work 
with students in small classes, and promote group study inside and outside of the 
classroom setting. 

Strategy VM: Set numerical targets for transferability of minority students. Also, 
prepare this group of students with the capability of meaningful choice for immediate 
employment in a technological society, bearing in mind that all workers should be 
prepared to adapt to emerging technology, or prepare them for the continuation of 
higher education. You might want to examine closely the success of Austin Com- 
raunity College in transferability. Approximately 9 out of every 10 students who 
transter from Austin Community College to public colleges and universities are still 
enrolled a year later (survivability is nearly 40% higher than the statewide average). 
They claim that transfer success comes from paying attention to curriculum; courses 
at Austin Community College are similar in content, emphasis, and difficulty to those 
in neighboring universities. Two-year college faculty have frequent contact with 
faculty at nearby universities. A program in place for nearly a decade brings Austin 
Community College onto the University of Texas campus two nights a week to univer- 
sity students. For those students, the university counts hours of enrollment at Austin 
Community College toward a student's minimum full-time enrollment obligation at 
the university. 

Strategy VIII: Establish partnerships with industry, and give ail students an 
opportunity to benefit from programs developed under these partnerships. In re- 
sponse to an industrial need, Seattle Central Community College developed a two-year 
biotech program. Together, industry leaders and the college faculty planned the 
course of study. Industry leaders also sat on the community college advisory boards 
and gave instruments and equipment to the college. College President, Dr. Charles 
Mitchell, said that it is hard for two-year colleges to keep up with advancing technology 
in isolation; hence, it is necessary to form partnerships with industry. 

Strategy IX: Seek financial and human resources from government, especially 
agencies that are in need of mathematicians and scientists and those charged with 
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Improving mathematics and science education. Develop programs for increasing 
minority participation in science and mathematics, such as mentoring and career 
awareness programs with agencies such as The National Science Foundation, Depart- 
ment of Education, and National Security Agency. 

Strategy X: Promote the teaching and learning function in mathematics. According 
to the Mathematical Association of America's document, A Call for Change, "to 
adequately prepare students for the 21st Century, the nation's mathematics educators 
must create classrooms that recognize students and teachers as thinkers, doers, 
investigators, and problem solvers." Walter Massey tells us, "The most important 
factor listed by minority students at successful institutions was a supportive environ- 
ment; the presence of mentors, study groups, science and mathematics clubs, good 
advising and remedial courses when needed." 

Conclusion 

The role of two-year institutions to increase minority participation in the mathe- 
matical sciences cannot be overstated. This group of institutions is serving, and will 
continue to serve, a majority of the minority student population in college. You are 
uniquely positioned to determine, to a large degree, the success that we as a nation 
will have in increasing minority representation in the mathematical sciences, and for 
preparing minorities to make a productive life for themselves in the 21st Century. 
Two-year colleges have a wonderful opportunity to provide our country with a second 
wave of students who will become prepared in the mathematical sciences and in 
education to take on the many jobs that will require mathematics and/or their ability 
to use current and emerging technology. It certainly is clear that any effort to recruit 
more majors in mathematics-based fields, to strengthen the undergraduate major in 
mathematics-based fields, and to prepare students for life, and for making a living, 
must be carried out in a manner that includes two-year colleges as a fill partner. It is 
no longer a matter of good-will to merely allow for the emergence of tairnts from the 
growing population of minorities, but rather, it is in our best interest for two-year 
institutions to actively encourage and sustain such an emergence for the survivability 
of our country, and of our way of life. The future rests with you. Thank you. 
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President George Bush, "the Education President," set a goal of leading the world 
in mathematics and science education by the year 2000. Incredibly, wc arc closer to 
that goal now than wc were a few years ago. It is not, however, due to any improvement 
in this country, but rather to the deterioration of education in many others. 

Peter Hilton 



(The remarks by Peter Hilton found at various places in this issue are taken from his keynote ad- 
dress at the Region II conference of NYSMATYC, October 17, 1992, in Binghamton NY.) 
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Various Tastes Demand a Diverse Menu 



Prentice Hall Advanced Mathematics & Stahstics 1993 

Qolds tein/Lay/Sc hmider 
Calculus and Its Applications, 6/E 

Qoldstein/Loy ^Schneider 

Brief Calculus and Its Applications, 6/E 
Haeussler/Paul 

Introductory Mathematical Analysis for Business, Economics, 
AND THE Life and Social Sciences, 7/E 

Arya/Lardner 

Mathematical Analysis for Business, Economics and the Life 
and Social Sciences, 4/E 

EdMardsfPenney 

Elementary Differentl\l Equations with Boundary Value Problems, 3/E 

Marcus 

Matrices and Matlab®, 1/E 
Meredith 

X(PLORE) Version 4.0 (IBM® or Macintosh®) 
A user friendly mathematical tool featuring a full range of numeric and 
graphic capabilities and a programmable interface. 

Saff/Snider 

Fundamentals of Complex Analysis for Mathematics, Science 
and Engineering, 2/E 



For further information on our 1993 titles, please contact your local Prentice Hall 
representative or write to: Paul Banks, Prentice Hall, ESM Marketing, 
1 13 Sylvan Avenue, Englewood Cliffs, NJ 07632, 




9t«von Jk Schu«tar AP«riittouiikCominuAicatioM*CoinpAny 
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Put to the test 



College Algebra ^ College Algebra and Trigonometry 

hy Linda Exley and Vincent K Smith 

The Exley/Smith series is cuaently being class' tested at over 50 schools across the nation. Both 
texts will be reprinted this summer to provide you with error-free editions ready for the fall semester. 

Linda Exley and Vincent Smith have expertly designed their newest texts to lay the 
groundwork for more advanced studies. Students will be able to build a solid foundation in 
mathematics with these tools at their fingertips: 

>*- Real^Worid Connections that help bridge the gap between current material and real -life, 
otlier chapters and math history. 

Graphing calculator tcchrK>logy incorporated diroughout, via tutorial boxes. 

Exercise Sets including Wami'Ups, I racticc Problems ^ Challenge Probiems and In Your Oiwa Words 
exercises that illustrate the main points of each section and allow students to employ decision 
making and logic. 

More detailed, worked examples with step-by-step explanations than any other text. 
H- An outstanding supplements package that includes X(PLORE) VERSION 4.0 by David 
Meredith. Tliis mathematical processor evaluates expressions, graphs curves, solves equations, 
and calculates matrices. Key graphing problems from Exley/Smith are solved using 
X(PLORE) templates. 

Prealgebra ^ Beginning Algebra >^ Intermediate Algebra 
hy Elayn Martin-Qay 

Over 40 schools across the country are class-testing THE MaRTIN-GaY SERIES of introductory 
algebra texts for precision and accuracy right now. 

Martin-Gay's three^tier system moves students smoothly through prealgebra and intermediate 
algebra, ensuring their ultimate success in college level madi. The texts' innovative features 
allow students to meet the challenge of learning algebra with confidence: 

Variables and Signed Numbers introduced early and spiraled (PREALGEBRA). 

Real-life, criticaUthinking scenarios. 
**- Menud Math exercises that train students to perform rourine calculations in their heads. 

Word Problems and Writing in Math exercises throughout each text . 
^ A Look Ahead sections offering introductory glimpses into the next course. 
^ A complete ancillary package that offers students state-of-the-art learning resources, including 
Math Master Tutor, the exercise regenerating, text-specific student tutorial software. 

Insist on Perfection. Insist on Exley/Smith and Martin-Qay. 

To order examinarion copies of any Exley/Smith or K;arrin-Gay text, contact your local 
Prentice Hall representative or write to: Paul Banks, Prentice Hall, ESM Marketing, 
1 13 Sylvan Avenue, Englewood Cliffs, NJ 07632. 



... Ask for nothing less 
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SPECIAL FEATURE 



Two-Year College Mathematics Pioneers: 

AUyn Washington 



In what we hope will be a continuing series, we will be publishing interviews with people who have 
had a major impact on two-year college mathematics. Readers are invited to make suggestions on 
who might be included in the future. We start the series with Allyn Washington, author of the very 
successful technical mathematics books used all over North America and in some other parts of 
the world. After a full career, Ai "retired" to the mountains of California, lliis interview took 
place at the 25th Anniversary Conference of NYSMATYC on April 4, 1992. 

The AMATYC Review: Let's start with a few basics-whcre you were born, where you 
grew up, and where some mathematical interests showed up in your early years. 

Allyn Washington: I am a Connecticut Yankee, born and brought up in Connecticut 
and lived there until I was about 27. My first interest in math started in high school 
with my mathematics teacher, who was also the principal. He did all kinds of things, 
and he taught the math. 

AR: Not a very big school? 



AW: Well, we had a graduating class of 59 people in 1948. Then I went to Trinity 
College in Hartford, which was nearby. I could afford it because I commuted. There 
was a real great guy there in the Mathematics Department, too. I also had a physics 
professor who became my advisor. They didnH have very many physics majors, so 




High school graduation, 1948. 
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I became an advisee of this physics professor. He pushed me into physics, so I 
graduated with a dual major in math and physics. 

AR: What was it about those two professors that made them stand out? 

AW: They were both just so good at how they explained, at how they presented the 
material. I don't know, it just got to me. I had an interest in math by this time, 
anyway. I happened to get this one fellow for most of my math courses. What he 
did, it just fit me, that's all I can tell you. And the physics, well, I really had not 
intended to major in physics. But it turned cut I got my masters degree in physics. 
It's not in math. I took several math course* in it because of the relationship to the 
field. 

AR: Where did you get that masters degree? 

AW: At Brown University. 

AR: You didn't go very far from home, then. 

AW: No. Well, I was away from home then; that was over a hundred miles from 
Hartford to Providence. There was a slight interruption for the Korean War. I was 
Federalized in the National Guards, so I lost a year between my sophomore and 
junior years. 

AR: Did you go into college teaching straight out of grad school? 

AW: I finished up my masters degree and Trinity College, where I graduated from 
college, had an opening, in the mid-fifties math and physics teachers were few and 
far between. You could just about name a spot and go to it. I had intended to go 
on for a Ph.D., but they said "Hey, would y'^u like to try teaching for a year or two 
to see how you like it." They came after me; i didn't even seek after a teaching job. 

AR: Times have certainly changed. You didn't know at that point that you wanted to 
go into teaching? 

AW: Well, I considered it, but I hadn't made that decision. I thought this would be a 
great chance to find out about teaching, so I went for 2 years. I taught both math 
and physics at Trinity College in Hartford. Then I met another guy, we were both 
bachelors, and he taught chemistry. He came up to me one day and said "Lets try 
teaching out West." This was absolutely on a lark. So he and I wrote to various 
schools seeing if he could get a job teaching chemistry and I math and/or physics. 
We both got jobs in Boise, Idaho. So the following year that's where I was, in Boise, 
Idaho. 

I met a gal teaching chemistry there who is now my wife. They didn't pay too 
well in Idaho back then; I guess they thought they were paying you with scenery. 
Based on the salary there I could not even cover the basics if I were to marry her, 
and she wouldn't be able to continue to work there because of nepotism rules. By 
the way, it was made perfectly clear that she would be the one who would not be 
able to stay at the college. That's an area in which things have changed for the 
better. So I wrote a bunch of letters around, mostly to California, and one to a 
college that was just getting started the following year in New York. For various 
reasons, mostly because i could start with the college, I thought that would be a 
great place to go. That's how I got to Dutchess [Community College in Poughkeep- 
sie, NY]. 

AR: So you were there to help create a new college? 
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AW: I was there, Day One, at Dutchess in 1958. It was quite an experience, a very 

useful experience. 
AR: Were you explicitly seeking a two-year college position? 

AV/: Well, the Boise, Idaho, Junior College where we happened to find a job together, 
that's how I got into two-year college. And I liked that. I liked the emphasis on 
teaching. Trinity was a little of both, c mphasis on teaching and advancement and 
research. What I liked best was the teaching aspect of it and that's why v/e got the 
job at Boise together. That's when I decided on being a teacher. I did intend to 
finish my Ph.D. in math rather than in physics, and in 1961 I filled out the 
applications for some schools. I also started writing a book. 

The Book 

AR: Why write a book? 

AW: I just thought I could possibly serve the students I had better than the books 

available for the tech math courses I was teaching. 
AR: Were there tech math books at that time? 

AW: Yes, there were. There was Rice and Knight, which was probably the best one, 

although there were others. 
AR: What sorts of things did you think you could do better? 

AW: Organization. Fit the curriculum we had at Dutchess better. The electronics 
people needed topics at specific times. I was teaching tech math as they had set it 
up, and in the second year we covered complex numbers. The students in the 
second half of the first year were studying AC circuits in their electronics courses. 
They were getting the math after their need for it, 

AR: So they were having their electronics instructor teach some of their math. 

AW: Right, to fill in the gaps. Electronics had the greatest need for timing. But we 
were also teaching vectors in the second semester while the physics teacher had 
been using vectors all year. What I did was organize the book so the course fiowed, 
rather than taking a book and hop, skip and jumping around in it. 

AR: So it was not a great, magnificent thing you were trying to do; it was more 
mundane. 

AW: It was just a pragmatic thing. I was going to create something my students could 
use. After I wrote it I sent it to a publisher and said "Do you like it?" They said 
it looked pretty good and it went from there, 

AR: It wasn't hard to sell, then? 

AW: Not really. I wrote to Addison-Wesley because they didn't have a book of that 
kind. They said they had been thinking about it (whether they really had been, I 
don't know). They reviewed it, and the reviewers seemed to think there would be 
a possible market for it. I figured it would be easier for them to publish it than for 
me to have to write up and print all the notes. I was using notes at this particular 
point. They got the book done and it took off. 

AR: Was it used mostly at two-year schools? 

AW: Well, the basic tech math I wrote initially was primarily used in two-year schools. 
There was some use in high schools, but not too much. I wrote a calculus book off 



the calculus version that's used mostly in four-year schools, in the 4 year technical 
programs. 
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AR: My own first experience with one of your books was while teaching technical 
calculus at Oklahoma State. 

AW: That's the kind of school that picked up the calculus book, but the basic tech 
math with calculus is mostly an algcbra-trigonometry-geometry book. It's primari- 
ly used in two-year schools. I'd say that over half the students using it are in 
electronics, or at least something related to electronics. Also, just as a sidelight, 
Allyn and Bacon reviewed it in the middle 70's and found it to be the fourth leading 
book used for regular algebra-trig courses at that time. 

AR : What do you think led to much of the rise to the two-year college? I believe that, 
time-wise, it coincided with much of what you did. 

AW: That's hard for me to sec. It's true I got into two-year college tcachingjust about 
when the two-year c 3ge seemed to take off. But one emphasis hit in 1957 while 
1 was in Boise, Sputnik! The Russians were all of a sudden ahead of us in 
technology. Come on now, no way should that happen. That was one huge 
influence on American education. 

AR: But if I think of tech math, and then I think of the math which came as a result 
of Sputnik, the "new math," I don't believe I'm thinking of the same thing at all. 

AW: I never did incorporate the new math into my books, as such. I kept to the more 
traditional developments of the material. Wc used the new approach in some of 
our other courses at Dutchess, but not in the tech math. 

AR: How about the presentation of the calculus? The tech math treatment is a little 
different, especially in the sense of rigor. How -luch of that did you pioneer? 

AW: Well, all I did there was lo put calculus in my book the way I remembered /r^?r/i//i^ 
it. Fm not sure what was in the textbook, but I don't remember learning epsilon- 
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delta proofs, so I didn't put them in. What I remember learning about the Fun- 
damental Theorem of Calculus takes half of a page, so zing-zing-bing, there it is. 
AR: A lot of trusting? 

AW: Some trusting, but there was logic involved. There just wasn't formal proof. A 
few verbal statements with a little bit of algebra, and all of a sudden you've got the 
Fundamental Theorem. What bothered me was one of the calculus books of the 
time which took about 100 pages to get it. The calculus book I did took about a 
half of page. I think the way to do it is not necessarily rigorously, but hopefully to 
say things understandably rather than do it all symbolically. I don't think students, 
when they first see these ideas, follow the symbolism that well. I think they can 
sometimes just follow statements, a simple presentation. You might say its more 
the calculus of the foriies than of the fifties and sixties, far more intuitive. 

AR: In your own opinion, what do you think you added that made a difference, that 
is, made your book so successful ? 

AW: I think the fact that it did fit technical programs made it take off in technical 
institutions. My first big adoptions were in the Carolinas, a whole series of 
institutes there. Also, the midwest had a lot of technical colleges. These were the 
leading adoptions, initially. It also fit the kind of background that a lot of people 
teaching it had. They hadn't always gone through a rigorous mathematics back- 
ground themselves. They could read my book and understand it. I was just trying 
to keep it down to earth the best I could. 

AR: How big did it get? 




From Benjamin/Cummings brochure, 1982. 



AW: V'/ell, the tech math market today is down considerably from what it was. Ten 
years ago it was at its peak, in the early eighties. From what I have been led to 
believe through the publisher, a book that has ten percent of the market is doing 
pretty well, twenty percent is doing very well. For many years, during most of the 
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eighties, I had anywhere from 50 to 80 percent of the market, something in that 
order. I donU know what it is now. 
AR: How many different versions have you had to prepare? 

AW: There is a metric version which is used a lot in Canada; all units are metric in 
that. The ones used here have a mix of metric units plus standard British units. 
Britain technically is on the metric system, only a lot of people still use English 
measure. A fellow from Peru translated the 3rd edition into Spanish in the middle 
eighties and it sold a fairly good amount, 10,000 plus, in South America. Total sales 
of the tech math books is over a million. 

AR: Did work on the book ever become overwhelming? 

AW: Yes. In the late seventies I was teaching full time, and the books were more than 
a full time job themselves at that time. Things kind of got out of hand. I took two 
leaves of absence from the college, without pay, just to finish off production of the 
books. I had a medical problem, also, a heart attack in 1978. At that point I said 
"Something's got to go, and I don't want it to be me!" Books are far more flexible 
as far as what you do, how you do it, when you do it, that kind of thing. That's why 
I gave up teaching. I loved teaching, I always did. But books become kind of 
dominant. Unless you've done it, unless you've gone through it, you can't know 
how much. Some of these [production schedules] can be horrendous. You can 
spend all day, I'm talking about from 8 o'clock in the morning to 10 o'clock at night, 
I mean every day of the year, on these things. The proof reading, the checking, it 
just gets completely out of hand, time-wise. 

AR: Some authors basically start up a small business getting other people to do 
portions of the work. 

AW: Oh, I've got people I call on, I count on, who assist me. I go through this routine, 
though I'm kind of demanding on myself. I've got to have a good solid check. I 
want them to check it and I want it double checked, but I still do things myself. I'd 
hate to have a math book out there with mai:y error<i in It. They do creep in, through, 
despite everything. 

Professional Organizations 

AR: Let's shift a little bit. With respect to professional organizations, I know you got 
into NYSMATYC right at the beginning [1967]. What were you in before that, and 
what spurred you to get involved in a two-year college organization? 

AW: Well, my professional organization prior to NYSMATYC was MAA. I've been 
a member since 1958. But, as people have alluded to frequently, they didn't fit 
particularly well with what I was doing. They were into high-powered math with 
an occasional remark regarding how it was taught, but the emphasis was almost 
completely on topics that very few people except the presenters understood. They 
had no feel, at the time, for the problem of teaching at a four-year school, let alone 
a two-year school. There just wasn't any teaching in it at all. And my thoughts were 
on the teaching ideas. Herb Gross was the instigator of NYSMATYC. We kept 
trying joint meetings with AMTN YS [Association of Mathematics Teachers of New 
York State], but AMTNYS was also not geared for the two-year school. 
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So, some us got together to see if we could find others with problems like our 
own. Then we could ask each other how you handle this and how you deal with 
lhat-get some discussion going among ourselves. I thought NYSMATYC was a 
great idea. Herb Gross, who was also instrumental in starting AMATYC, was 
always saying **Let's go national, let's go national," and we started to go national 
in 1973. 

AR: What was your role in that? 

AW: The very first meeting of AMATYC was organized in 1973. The people from 
TJte MATYC Journal [now Mathematics and Computer Education] announced a 
meeting of those interested in supporting a national group in the Fall of 1973. We 
had a NYSMATYC meeting scheduled in the Spring and we felt it would be great 
for two-year people who want to go to NYSMATYC to also go to AMATYC. But 
we didn't like the idea that they would be having a meeting, we would be having a 
meeting, and we would probably take away from each other and the attendance 
would not be there. So we tried to come up with a joint meeting. That's what finally 
happened in the Spring of 1974, AMATYC had its organizational group get 
together, the NYSMATYC conference followed, and then we had a banquet on 
Saturday night. The first part, Thursday and Friday I think, was the beginnings of 
AMATYC. 

AR: What happened at the initial meeting of AMATYC? 

AW: Well, really it was kind of a foregone conclusion that we would form an organiza- 
tion. There were probably 25 or 30 people there for the organizational meeting 
itself. At that point we pretty well concluded it would happen and we got ourselves 
together and did it. But there had been a lot of talk about it and some preliminary 
work done before that to even get a meeting together. It had been discussed for 
several years before that happened. 

AR: You were the president-elect for NYSMATYC at the time, which put ycu in 
charge of its conference. Did you have to organize the AMATYC conference, too? 

AW: We didn't have to plan the AMATYC meeting, the people at The MATYC Journal 
were involved for the AMATYC part of it, what became AMATYC. We had to 
coordinate the thing, make the arrangements, that was our part of the job, Mike 
Steuer, who was at Nassau [Community College], was very helpful. He was kind of 
a liaison between theSi groups and the hot^^l. He ran into New York City making 
arrangements and he did a great job; he was a savior. 

Prior to that you could go out and talk about forming a national organization, 
but it was The MATYC Journal and Herb Gross, first president of NYSMATYC, 
who made it happen. In fact. The MATYC Journal had been The NYSMATYC 
Journal back about 1970. It grew out of the original NYSMATYC newsletter into 
a national journal. It was attached to AMATYC for a while, and then became 
independent. 

Life After Mathematics 
AR: What do you do now besides mathematics? 

AW: Play bridge. My wife and I are duplicate bridge players. It was a very successful 
year in 1991. We go to tournaments of various types around the country. We 
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actually had what is called a regional win. We were first overall in a regional event, 
which is the second highest rated event in the country. Not too many people do 
that. 

AR: Thafs great! 

AW: Of course we also have lousy games, but we had a good game those days. That 
would probably be my primary activity other than traveling. We've been to Alaska 
and Europe. I recommend both very highly. 



AR: And the business part of your life remains the book; you're still working on it? 
AW: Oh, yes, that's still it. I mean Tm only between editions, now. I can see signs 

that things are picking up pretty fast. 
AR: Do you ever do an adjunct semester? 

AW: I have. A few years back at Lake Tahoe I taught summer school and a fall 
semester. I haven't done that for a few years now. I like teaching; I wish I could 
do more of it, but right now the nearest college is about 45 miles away. Also, it ties 
one down. Even if you teach one course, you are tied up for the entire semester. 
I like to travel and would hate to commit myself to a course and then say "Hey, I'm 
not going to be here for the next two weeks." 

AR: Goals for the future? 

AW: Goals for the future? 1 haven't given too much thought to the future. I'm 
certainly not going to start any new books! hope to continue on with my old book 
writing for the forseeable future. I have no idea what comes up after that. 

AR: Can you get to the organizational meetings in California? 

AW: I normally plan to go in northern California. I think I've attended all but one of 
those since I've been out there, and I've attended the majority of AMATYC 




Alwith wife, Millie, 199L 



conventions. And NYSMATYC, I get to about half of them. I kind of combine 
those with trips to see my grandson if it works. 
AR: I imagine that helps sell the idea to the family. 

AlV: Well, they get a business trip to endure, as well. I just wish we could get away 
for the heck of it. I wish we could be not so budget-oriented. I know that's a 
necessity of life, but it does hinder. I have a daughter who teaches music, and she's 
worried every day she's going to lose her job. They keep cutting programs, such 
things as music, and I think they are very important in an education as well. There 
is a lot more to education than math. In college I took those courses I had to, that 
were forced on me, but what did I end up doing? Writing. You just never know. 
Education is so incomplete if you don't know enough about geography or history, 
rd like to see people come out of college with a better rounded education. 

AR: Now this sounds a little strange from a person whose livelihood is technology. 
You're talking about a liberal arts education. 

AW: That's right! In my own college career I missed getting a minor in social science 
by one course. I had taken psychology, philosophy, government courses, as well as 
a couple years of Spanish. There's more to life than math, no two ways about it. 
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Introduction 

The demand for organic produce is well known, and an increasing number of home 
gardeners are turning to organic fertilizers to deliver the required nutrients to their 
plants. Until recently, the home gardener had to create her own organic fertilizers by 
combining manures (green and otherwise) with sand, clay, loam, table scraps and 
mineral sources such as greensand, black rock phosphate, and colloidal phosphate. 
Such mixtures build on three key elements which are essential to plant health and 
growth. The first of these is nitrogen (N) which promotes plant growth and resistance 
to insects. The second element is phosphorus (P) which is essential for proper root 
growth. The third element is potassium (K) which also aids in plant growth and 
resistance to disease. These three elements are so important that the percent of each 
present in a fertilizer is always listed in the order N-P-K. Thus, a 3-2-2 fertilizer is 3% 
nitrogen, 2% phosphorus, and 2% potassium, whereas a 5-2-4 fertilizer is 5% nitrogen, 
2% phosphorus, and 4% potassium. 

Recently, organic gardeners have been able to obtain pre-mixed organic fertilizers 
at many garden centers and from most seed catalogues. However, if a gardener wants 
to combine different fertilizers in order to produce a mixture with a specific N-P-K 
combination at minimum cost, then she must solve a particular type of optimization 
problem. One of the most popular mixtures used by nonorganic farmers is 10-10-10, 
which is called a "balanced" fertilizer since it contains equal percents of the three 
nutrients. When no such balanced organic fertilizer is offered by a supplier, then the 
buyer who wants to use one is faced with the problem of whether or not a balanced 
fertilizer can be created by combining a subset of the set of available unbalanced 
fertilizers. The 1992 Fedco Seeds catalogue^ , provides the following relevant data: 



Blood Meal (11- 0- 0)@ $6.00 per five pound bag; 

Bone Meal ( 6 -12 - 0)@ $5.00 per five pound bag; 

Greensand (0-1- 7) @ $3.00 per five pound bag; 

Sul-Po-Mag ( 0- 0 -22) @ $2.80 per five pound bag; 

Sustane (5-2 - 4) @ $4.25 per five pound bag. 

In this case the organic gardener who desires a balanced fertilizer must use a 
combination of the above choices. Clearly, she would like to obtain that combination 
that satisfies the requirements at a minimum per pound cost. 

Linear programming can be used to model the general problem. Assume there are 
n fertilizers to choose from and let 



represent the number of pounds of fertilizer / used in the mix; 
represent the percent of nitrogen in fertilizer / as a decimal; 
represent the percent of phosphorus in fertilizer / as a decimal; 
represent the percent of potassium in fertilizer / as a decimal; 
c,. represent the cost per pound of fertilizer /, 



for / = 1, 2, 3, n. 

The problem is to minimize the linear cost function 

n 

i = 1 

subject to the condition that the percents of N, P, and K in the mixture are equal. 
LelUng the weight of the mixture be denoted by W, this condition is equivalent to 

/ = 1 1=1 z = 1 

Thus, we must have, 

/ = 1 / = 1 

The last condition can be forced by creating three linear equations as shown below, 
wherein all right-hand-side values are the same positive parameter, a, 

I = 1 
1 = 1 
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If a balanced fertilizer can be created from the available set of unbalanced fer- 
tilizerSj then the above linear programming problem will have a solution, and the 
solution will represent the proportion of each fertilizer to be used in the least cost 
balanced fertilizer mix. 

Let us return to the Fedco data as an example. Let 

Blood represent the number of pounds of blood meal; 

Bone represent the number of pounds of bone meal; 

Green represent the number of pounds of greensand; 

SPM represent the number of pounds of sul-po-mag; 

Sustane represent the number of pounds of sustane 

to be used in the mix. 

The problem is to minimize the objective function 

$L20 Blood + $1.00 Bone + $0.60 Green + $0.56 SPM -5- $0.85 Sustane 

subject to the linear constraints 

.11 Blood + .06 Bone + .00 Green + .00 SPM + .05 Sustane = 1, 
.00 Blood + .12 Bone + .01 Green + .00 SPM + .02 Sustane = 
.00 Blood + .00 Bone + .07 Green + .22 SPM + .04 Sustane = 1. 

As we will see later, 1 is used as the common righi hand side value, without loss in 
generality, in order to make subsequent calculations easier. Finally, we need to add 
the non-negativity constraints 

Blood > = 0, Bone > = 0, Green > = 0, SPM > = 0, and Sustane > = 0, 

in order to rule out a nonsensical solution. 

The following solution to the Fedco problem is easy to obtain using a standard 
linear programming package: 



Blood = 4.5454, 

Bone = 8.3333, 

CJrccn = 0.0000, 

SPM = 4.5454, 

and Sustane = 0.0000. 



This mixture would cost $16.33 (rounded to the nearest cent), and since the mixture 
weighs 17.4242 pounds, the minimum cost per pound is 94 cents (rounded to the 
nearest cent). Thus, a minimum cost balanced fertilizer can be obtained by mixing 6 
parts blood meal with 11 parts bone meal and 6 parts sul-po-mag. 
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There is one remaining issue to be resolved. The application rate is the recom- 
mended amount of fertilizer to be applied per square unit of garden. The application 
rate depends on the percent of each nutrient present in the fertilizer. Note that the 
above procedure allows for the determination of the proportion of each fertilizer to 
be used to obtain a balanced fertilizer, but the resulting percent of each nutrient 
present in the mix must be calculated. That is, one of the expressions, 

/ = 1 

i = 1 

must be evaluated. The choice of the constant 1 as the common right-haud-side value 
allows this evaluation to be accomplished by obtaining the reciprocal of W where 

z = 1 

From the Fedco solution, we have W = 11A242 (rounded to four places) giving 
the recriprocal value of .0574. Therefore, 6 parts blood meal mixed with 11 parts bone 
meal and 6 parts sul-po-mag results in a balanced 5.74-5.74-5.74 organic fertilizer 
that costs 94 cents per pound. 

Reference 

1. Fedco Seeds 1992, Fedco Co-op Seed Packers, Waterville, Maine, page 48, 1992. 



There is an unfortunate confusion between training and education in the 
United States. While >': traffic I observe the widespread need for training in the 
operation of an automobile, but we offer "Driver Education." In our schools we 
have dire need for a better educated faculty, but we offer "teacher training." 

It is impossible to educate without training, but all too easy to train without 
educating. 

Peter Hilton 
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Textbooks that deal with ellipses, parabolas, and hyperbolas typically mention 
situations or objects that exemplify the three conic sections. For example, non-circular 
ellipses are found in the orbits of planets, in the shapes of certain gears, in "whispering 
galleries/' and in the appearance of circles seen at an angle. Parabolas are found in 
the trajectories of many objects launched in a gravitational field, including the orbits 
of some, but not all, comets; in the reflectors behind headlight and flashlight bulbs, 
satellite antennas, and certain microphones; and in the main support cables of suspen- 
sion bridges. When it comes to hyperbolas, however, the only example ordinarily giver? 
is LORAN, a navigational system used by ships and aircraft. In this article I will fri 
that gap by considering some interesting yet simple problems whose solutions are 
partial or complete hyperbolas. In each case the solution will have an equation of the 
type 

kx 

(1) y =f(x) = , where neither k nor c is 0. 

Let us begin, therefore, with a brief discussion of (1), whose graph is given in Figure 
L The graph is drawn with c and k both positive, but either constant may be positive 
or negative. 

The domain of the function hx ^ c, because when a: = c the denominator of the 
fraction is 0. Whenx is very close to c, the absolute value of the function becomes 
quite large, so the linex = c is a vertical asymptote. As for the horizontal dimension, 

when a: has a large absolute value, lim = k , and lim = k too, so the line v = ^ 

x—c Jtr— r 

is a horizontal asymptote. Since the numerator off(x) is 0 if and only if jt: = 0, the origin 
is the onlyx- ory-intercept. The graph is a hyperbola whose center is located at (c, k), 
the point where the two asymptotes cross. The transverse axis of the hyperbola, which 
is inclined at 45° to the A'-axis, lies on the \\ncy = x-\^ (k-c). 
If c and/c happen to be equal, equation (1) becomes 

kx 

y = — Z ' where k ^ 0 , 
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Figure 1. y = — - 

This second graph is shown in Figure 2. The transverse axis of the hyperbola now lies 
on the Wnty = a:. As a consequence of the curve's symmetry about that line, the function 
in (2) is its own inverse. That symmetry is manifested algebraically in the fact that 



> 
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interchanging jc andy in (2) leads to the new equation x = , which, when solved 
fory, is identical to (2). 

Now that we are familiar with some properties of graphs of hyperbolas, let us look 
at a few specific problems. 

Percent of Increase and Decrease 
This first question has fooled many people over the years, and may alw<iys continue 
to do so: 

(3) If the price of an item increases by a certain percent, and then decreases by the same 
percent, how will the final price compare to the original price? 

Most people believe that the final price will be the same as the original price, but 
a simple example disproves that popular misconception. Suppose the price of the item 
starts out at $1 and increases 50%: the new price will now be $1.50. If this new price 
of $1.50 then decreases 50%, the item will end up selling for $.75, which doesn't equal 
the original price. The reason for the disparity is that although the percents of increase 
and decrease are identical, they apply to different amounts: $1 the first time, but $1.50 
the second time. The only way the final price can end up the same as the original price 
is if the percent of increase and decrease is 0, because only then will the percent of 
change be applied to the same amount both times. 

Now let's recast the problem slightly: 

(4) Suppose an item originally selling for a price p undergoes a change of x% (where 
the change might be up or down); what second change ofy% will result in the item's 
returning to its original price? 

If we treat >^ as a function of x, the domain of the function is -100 < x < oo. The 
most the original price could decrease is 100%, corresponding tojc = -100, but then 
the price would be 0, and no percent of increase could bring it back up. For that 
reason, we exclude x = - 100 from the domain. At the other end of the scale, the 
or'iginal price could increase by any percent, no matter how large, and there would 
always be some subsequent percent of decrease to bring it back down to its original 
value. 

Now let's solve the problem. If the original price p changes byx%, the first amount 
of change will be -^p and new price will be P'^'^P- That new price m turn will 

change by >'%, so the second amount of change will be 4- -^p) , and the final 

price will be {p -f -~p^ *^ loo *^ lOO^) ' ^^"^^ ^^"^^ P^^^^ should equal the 
original price, 
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Notice that p is a factor of every term in the equation. Therefore the original price of 
the item is irrelevant; only the percents of change are significant. Solving equation (5) 
for>' gives: 



(6) y = 



-lQ(k 
x-^ 100 



The graph, with some typical solutions labeled, appears in Figure 3, It is one branch 
of a hyperbola. y 



'(-20,25)^ 




(50, -33|) 



= - 1 00 



Figure 3. y = 



-lOOx 
;c+ 100 



As mentioned earlier, the point (0, 0) represents the only case in which a:=>'. All 
other points on the graph necessarily lie in the 2nd or 4th quadrants, since if the 
original price first decreases (a:<0), ii must then increase (y>0) to return to its 
original value, and vice versa. Asa: approaches -100, the first change drops the price 
of the item close to 0, and a relatively huge percent of increase is required in the second 
change to bring the price back to its original value. That observation accounts for the 
vertical asymptote atx = -100. On the other hand, if the first change is large (x-^oo), 
the second change must be close to -100 to reduce the price to its original amount. 
That observation accounts for the horizontal asymptote aty = -100. 

Comparing (6) to (2), we see that /c=-100, and the function in (6) is its own 
inverse. For example, if a first change of -50% must be followed by a second change 
of -I- 100% to get back to the original price, then it is also true that a first change of 
+ 100% must be followed by a second change of -50% to get back to the original 
price. This relationship in the values of jc andy is no more intuitive than is the answer 
to (3), but it follows from the curve's symmetry about the liney = x. 
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Averages of Averages 
A problem that people miss even more than (3) is the following: 



(7) If you travel from A to B at an average speed of 20 m.p.h. and return from B to A 
along the same route at an average speed of 60 m.p.h., what is your average speed 
for the round trip? 

Almost everyone thinks the average speed for the round-trip is 40 m.p.h., but it 
isn't. To see why the popular answer is wrong, assume the distance between A and B 
is 120 miles. The trip from A to B would take 6 hours, and the trip back would take 2 
hours. The total distance covered would be 240 miles, and the total time spent traveling 
would be 8 hours, so the average speed for the round trip comes out to 30 m.p.h. If 
the distance between A and B had been, say, twice as great, all related distances and 
times would also have been twice as great, and the average speed would have remained 
the same as before. Consequently, the average speed is independent of the distance 
between A and B. 

In general, let d be the distance between A and B, let r be the average speed from 
A to B, and let s be the average speed from B back to A. Then y is the time spent 

going to B, and ^ is the time spent returning to A. Since the total distance for the 
round trip is 2d, the average speed for the round trip is total distance divided by total 
time, or . Dividing the numerator and denominator by d, we have: 

2 

(8) Average speed =- r . 



In an article on rate problems, Lawrence S. Braden (1991) pointed out that the 
average speed for the round trip is the harmonic mean of the two speeds involved, 
whereas the commonly offered answer is the arithmetic mean of the two speeds 
involved. 

Now, as we did with (3), let's rephrase the problem presented in (7): 

(9) If you travel from A to B at an average speed of r m.p.h. and return from B to A 
along the same route at an average speed which is a: times as great as the first speed, 
what is your average speedy for the round trip? 

Assuming^ is a function of ;f, the domain of the function isjc > 0, since the distance 
traveled is treated as an unsigned number; x can't be 0, because then you would never 

2 

return to A. Substituting in (8), average speed = _y = , which yields 



The graph appears in Figure 4. Because the domain is limited to nonncgativc numbers, 
the graph is only one part of one branch of a hyperbola. 





(10) 
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Figure 4, y = 




Applying the data from (7) to (10), the average speed returning is 3 times the 



In general, as the average return speed becomes greater and greater relative to a 
fixed average speed for the first part of the trip, we have: 



This limit appears geometrically in Figure 4 as the horizontal asymptote y = 2/-. In 
other words, no matter how fast your speed on the return trip, the best average speed 
you can expect for the round trip is not quite twice your speed for the first part of the 
trip. In light of this fact, another problem posed by Braden (1991) — in which Einstein 
was given an average speed going of 15 m.p.h. and a round-trip average speed of 30 
m.p.h., and was asked to find the average speed returning— clearly has no solution. 



Daryll Keeling (1992) wrote a letter to the daily Austin American-Statesman men- 
tioning that he was born when his father was 20 years old and spuriously claiming that 
he would catch up to his father by age 35. Nelson C. Haldane (1992) replied with an 
equally spurious letter saying that the son would actually catch up to his father at age 
40. A variant of Haldane*s "logic** goes something like this. When the son is 10, the 
father is 30, or 3 times his age. When the son is 20, the father is 40, or 2 times his age. 
Every time the son's age increases by 10 years, the ratio of the father's age to the son's 
age decreases by 1 unit. Therefore, when the son's age increases from 20 to 30, the 
ratio drops to 1, and the father and son are the same age. 

Now let's recast the problem slightly. 



average speed going, soa: = 3, and the average speed for the round trip is - as great 
as the average speed going: ^(20 m.p.h.) = 30 m.p.h. 




The Child is Father to the Man 
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(11) A father and son are born on the same date but 20 years apart. When the son is jc 
years old, what fraction y of his father's age will he be? 



Treating y as a function of at, the domain may be taken to be 0 < x < 120, jc an 
integer. Ages can't be negative, and presumably someone's age at birth is 0. Biologi- 
cally speaking, there must be an upper limit on the father's age, but it's hard to say 
what that upper limit is. Let's arbitrarily let the father reach age 140, which means 
the son will reach age 120. Although we express infants' ages in weeks or months, we 
rarely use anything but whole numbers of years for adults' ages; so for simplicity let's 
restrict the domain to integers here. 

Since the son's age at any time isx, the father's age at the same time is x + 20. The 
ratio of their ages is given by 



(12) y = 



a: + 20 



The graph is shown in Figure 5. All the points lie on one branch of a hyperbola. At 
birth the son is "no fraction" of his father's age. At age 10, the son is i of his father's 

1 0 

age. At age 20, the son is - of his father's age. By age 40, the son has advanced to ^ 
of his father's age, and by age 100, to | of his father's age. Faced with the limits of 
biology (though not the limits of mathematics), the son won't ever be more than | of 

his father's age. If we could travel to some sort of fantasy world where the son and his 
father might age forever, the ratio of their ages would approach a limit of 1. That limit 
is represented geometrically by the horizontal asymptote y = 1. 
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Figure 5. 



JC + 20 



33 



14w 



When Adding is the Same as Multiplying 

Some years ago, I wrote an article (Schwartzman, 1987) about solutions of the 
general equation [f{x)] A \gix)] = [[(x)] * [g(x)]y where A and * are any two different 
operations chosen from the six basic operations of arithmetic (adding, subtracting, 
multiplying, dividing, raising to powers, extracting roots). If we restrict ourselves to 
numbers rather than functions, two cases are within the scope of this article. The first 
of the two cases is: 

(13) Find two numbers a: andy such that adding the numbers gives the same result as 
multiplying them. 

The statement of the problem in (13) leads to the equationA: + y - xy^ from which 



(14) y = 




Based solely on the wording in (13), there seems to be no reason to exclude any number 
from the problem, and many people would assume that the domain should be;c G JR. 
As is obvious from (14), however, the value ;c= 1 is not in the domain of the function. 
In other words, if the sum and product of two numbers are equal, then neither number 
can be 1. 

The graph appears in Figure 6, and the solutions to (14) form a complete hyperbola. 
Comparing to (2), we see that /: = 1 and that this function is its own inverse. The line 



y 




▼ 

X 

Figure 6. y ^ r 
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of symmetry y=x intersects the hyperbola at (0,0) and (2, 2), showing that 0 and 2 are 
the only two instances of a number which can be added to itself or multiplied by itself 
with the same result. The symmetry of the equationx+y =xy can also be explained by 
the commutativity of addition and of multiplication. 

Making one change in (13), we can pose the following problem: 

(15) Find two numbers a: andy such that subtracting}' frorax gives the same result as 
multiplying^ hyx . 

The statement of the problem leads to the equation ;c - y = xy, from which 

(16) y = ^,. 

The graph appears in Figure 7, and is once again a complete hyperbola. As with (13), 
it might at first appear that no number should be excluded from consideration in (15), 
but equation (16) shows that;c = - 1 must be excluded from the domain of the function. 



4 ' ^ 




y- 1 



Figure 7, v = 



It is interesting to note that the function in (16) can be derived from the function 
in (14) by replacing every a* in (14) with -.v. That corresponds to the replacement of 
the word adding in (13) by the word subtracting in (15), given that subtraction is the 
opposite of addition. 



Conclusion 



Although most students probably conceive of hyperbolas as geometric entities, we 
have seen that hyperbolas can model various algebraic, real-world relationships. The 
asymptotes to a given hyperbola correspond to limiting or "forbidden" values in the 
matching real-world situation. 

Many people may be further surprised to f ind out that a single hyperbola can model 
two very different situations. For instance, if (10) is slightly rewritten, we have 



Except for the constant multiplier 2r, the function in (10a) is the same one that appears 
in (16), provided that we restrict ourselves to a common domain. Yet who would have 
expected that a problem involving average speeds has essentially the same solution as 
a problem in which multiplication is equivalent to subtraction? 



Braden, Lawrence S. "My Favorite Rate Problems." Mathematics Teacher 84 (November 1991): 
635-638. 

Haldane, Nelson C. Letter to the Editor. Ausi'm (Texas) American-Statesfnan, January 19, 1992. 
Page D2. 

Keeling, Daryll S. Letter to the Editor. Austin (Texas) Americari'Statesman. January 13, 1992. 
Schwartzman, Steven. "When One Operation Is as Good as Another.*' Mathematics Teacher 80 
(March 1987): 186^189. 



Plato and Spiro Agnew had one (and probably only one) idea in common, that 
education is a threat to the establishment. The difference is that Plato thought this 
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When a projectile is shot into the air, we want to know how far it will go, how high 
it will rise, and the time until impact. See [1,2,3,6,7]. The formulas involved in the 
model where air resistance is neglected can be found in almost every calculus textbook. 
Answers are readily obtained from the direction and magnitude of the initial velocity. 
With a computer algebra system (CAS), it is easy for students to obtain and explore 
explicit formulas for the model which assumes air resistance is proportional to the 
velocity of the projectile. Exploration of these models constitute a computer 
laboratory exercise and can be implemented with CAS software such as Mathematica 
or Maple. Alternately, the mathematical analysis can be done with pencil and paper 
in conjunction with graphics software or a graphics calculator. 

First Model: Zero air resistance 
First, we assume that the only force is gravity, the starting point is the origin (jcq, 
>'q) ^he initial velocity is Vq = (v^, v^,). Applying Newton's law/ = ma, the 

differential equations describing the horizontal and vertical motion of the projectile 
arc mx\t) 0 and my\t) ==—mg, respectively, with the initial conditions jc(0) 
= 0,y(0) = 0,a:'(0) = v^andy'(O) = . These differential equations are easy to 
solve, and their solution is: 

2 

(1) .x(0 = v.,r and>(0 = i;J 
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Eliminate the parameter / in equations to obtain the relationship between a: and 

The range, r, is obtained by setting v = 0 in (2) and solving for the non-zero solution 
x: 

2 V V 
(3) r = -^. 



If Vq is the magnitude of Vq, and 0 is the angle between the horizontal and Vq, then 
= Vq cos{6) and = Vq s\n{6) so that the range is given by: 



2v2sin(0)cos(^) v2sin(2^) 
(4) r{v^e, g) = = 



2v§ cos(20) 

The angle which gives the maximum range is found by solving = = 0, 

which produces ^ = ^ ; substituting this value into the range formula yields: 



8 



The maximum altitude occurs where ^ = ^ - Si = o, which yields the point: 



(6) (X, ,y,) = 



/ 2 \ 

g '2g 



Second Model: Air resistance proportional to velocity 

We again assume that the starting point is the origin (Xq^q) = (0,0) and that the 
initial horizontal and vertical components of velocity arc and vy respectively. 
Newton's law states that the sum of all forces acting on the projectile is zero. The 
vertical components produce the equation/j + = 0, where /j = ma = /^? y'(0> 
/2 = K y'(t) and = mg are the forces due to acceleration, friction which is 
proportional to velocity, and gravity, respectively. The direction of f2 depends on the 
sign of y'{t) which is negative when y(t) is increasing and positive when y(() is 
decreasing. Hence, the differential equations describing the motion of the projectile 
are: 
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(7) mx"{t) + Kx'{t) = 0 and m/{t) + Ky'{t) + = 0 , 



with initial conditionsA:(0) = 0,>^(0) = 0,a:'(0) = v^and>^'(0) = vy These two second 
order differential equations have solutions: 



m 



(8) x{t):=:-j^{l-e 



Kx 



From equation (8), t = —77- In 



1 - 



which can be substituted into equation (9) 



to obtain the relationship between and_y: 



^__Kx^ 



K . 



Equation (10) describes the projectile trajectory. Substituting /c = ^ (10) gives 



V,.JC 



gin 


1 - 


kx^ 















Enter this last formula into Mathematica with the command: 
y[xj = Vy xA^x + g x/ (k Vx) + g Log[l - k xA^x] /k^^l 



The computer response is: 



1 _ 

V 

X 



Vx Vxk 



To have Mathematica find the limit as ^-*0, enter the command: 
Limit [y[x],k-> O]/ / Expand which gives: 



(12) 



Wyx _ gx^ 
Vjc 2V^2 



Notice that expression (12) agrees with equation (2). This shows, not surprisingly, 
that the model without air resistance is a limiting case of the model with air resistance. 

The two models can be further investigated by expanding formula (11) in a series 
about ;c = 0, the first six terms arc: 

S[xJ = Series [y [x], {x, 0, 6} ] //Normal 
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(^-i^^ Vy-y _ gkx^ _ gk^x^ _ ^k^x^ _ ^k^x^ 

^ Vjc 2Vx^ 3Vr3 4Va^ SVx^ 6Vx^ 

Letting k-^O in (13), all but the first two terms go to zero, and the result is the 
parabolic model (2). The range is obtained by setting)' = 0 in (13), and solving for jc. 
Truncating this series and applying a root finding technique for polynomials gives only 
a coarse approximation for the range. In Example 1 we use the root finding procedure 
in Mathematica to solve y = 0 directly from equation (11) and obtain an accurate 
numerical approximation for the range. 

Next, consider the maximum height of the curve. This is determined by solving 
y' (x) = 0 for x^. The derivative is obtained simply by typing y' like [x] , and the result 
is: 



(14) 



Vx Vxk 



Wxk 



1 - 



kx^ 
Vx 



Then the point (x^^y^) = (x^,y{x^)) is calculated symbolically by the commands: 

xc = X/. Simp!ify[Solve[y' [x] = =0, x] [[1]]]; 

yc = y[xc]; 

{xc,yc} 



The result is: 



(15) 



VrVy 



4- 



^Log 



g + Vyk'g + Vyk kig^Vyk) 



g + Vyk 



k^ 



Again, we find the limit k^Q as in this model and obtain: 
Limit [{lxc,yc},k->0] 



(16) 



Vr Vy Vy^ 
g 



The point in (16) is the same as the one in equation (6) for zero air resistance. Again, 
the limiting case for the model with air resistance is the zero air resistance case. 

The range is defined by setting >^ = 0 in equation (11) and solving for jc. This is a 
nonlinear equation that is best investigated numerically, using Mathe-matica's root 
finding procedure. We examine several representative cases of the behaviors of the 
two models to get insight into the result of solving (11) for x when y = 0. The choice 
of parameter k = 0.12 produced a graph that is representative of the behavior of the 
model. 



Example 1. Compare the two models usingg = 32, v^, = 160, ^ = and k = 0.12 where 
the components of Vq are = 160 cos ^^j = 80V^ and = 160 sin = 80V^. 



Solution: The Mathematica function for (11) that involves the parameters v^^ , g, 
and k is formed by typing Y [x Vx Vy g k _ ] = y[x] and for the given values 
of the parameters, we obtain}^ where: 
fl[x J = Y[x, 160Cos[Pi/4], 160Sin[Pi/4], 32, 12/100] 



(16) 



_^ 5Sqrt[2U ^ 



20000 Log 



1 - 



3x 



12529/2 



If = 8OV2 , v„ = 8OV2, and£ = 32 are fixed and k-*0 in equation (11), the limiting 
case is obtained by typing: 

fD[xJ = Limit[Y[x,160Cos[Pi/4],160Sin[Pi/4]32,k],k->0] 

This gives 



(17) 



X - 



800' 



This result is not surprising, because it was anticipated by the limit in (12). We issue 
the command s[x_] = Series[fl [x],{x,0,5}]//Normal and obtain the first five terms 
of the Taylor series for (16): 



(18) 



X - 



9^^^ 

800 31252l'7/2 12800000000 24414062523^/2 



Since the coefficients of for > 3 in this series are negative, the graph 3^ = f^(x) 
will lie below the graph 3^ = /o(^). 



1252 



9/2 



Further analysis of f\{x) reveals that the domain is;c < = because the 



term In 



1 



kx 



= ln 



1 



3x 



1252 



.9/2 



has a vertical asymptote atjr = 



1252 



,9/2 



125 2 



,9/2 



-. This should be contrasted with the 



942.809 which forces/i(x) - 00 as;c ■ 

x^ 

parabola}^ =/q(;c) =;c--^^ which docs not descend as fast as the curve 3^ = /j(jc).The 

two curves are shown in Figure 1. In Figure 2 the restrictions 0 ^ fQ(jc) and 0 ^ /i(Jt) 
are imposed on the curves of Figure 1 because they are trajectories of projectiles. 

The numerical approximation for the range for the path}^ = /j(jc) can be found by 
issuing the command: 

FindRoot[Y[x,160Cos[Pi/4],160Sin[Pi/4]^2,0.12] = =0,{x,500}] 
{ x-> 499.471 } 

This value 499,471 is considerably less than in the zero air resistance case where 
the range is 800. Next, we substitute into the formulas for the point {x^^y^ in (15), 
and find the point on this curve 3^ = j^(x) where the altitude is maximum: 
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Figure 1. y^f^ix) andy = /^(x). 



Figure 2. y = /qM and y^fi(x). 



{xc,yc}/.{Vx.>160Cos[Pi/4],Vy->160Sin[Pi/4],g->32,k->0.12} 
{ 280.847, 156.909} 

This point (280.847, 156.909) is lower than the point (400, 200) for the zero air 
resistance case. Another interesting fact concerns the slopes at impact. For the zero 
air resistance model, the slope at impact can be shown to be —1 but fory = fj(x), 
(499.471) = — 1.65545 . Thus, the graph with air resistance does not rise as high, 

its range is lets, and the slope at impact is steeper than the graph for no air resistance. 
This helps explain why a "high pop fly ball" in baseball comes down at a steeper angle 
than the angle at which the ball was hit. 

Example 2. By using equation (11) and ^ = 32, Vq = 160, ^ = ^'x ^ 
80V^, determine how the range in the second model depends on the parameter k. 

Solution: Consider the set of values {kj} = {2.0, 1.0, 0.5, 0.2, 0.1, 0.05, 0.02, 0.01, 
0.005}, andfor eachvalue/c = kj graph the trajectory defmed by equation (11). These 
trajectories are shown in Figure 3. In addition, the dashed trajectory which is com- 
puted from (2), and which corresponds to k = 0, is also shown. It is the path for the 
zero air resistance model. 



Fig 3 



200 




Figure 3. Trajectories for various values of k in Example 2. 
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The values of ;c where = 0 can either be read from the graphs in Figure 3 or a 
root finding method can be used with equation (11) to solve = 0. Nine solutions were 
found with Mathematica's root finding procedure and are summarized in Table 1. The 
graph of the curve jc = x(k) is given in Figure 4. 
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111.86 


208.64 
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534.46 
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73035 


763.78 


781.52 



Table 1. The Tdiiigtx=x{k:) for the parameter k = k: in Example 2. 




0.4 0.8 1.2 1.6 

Figure 4, Range ;c= x (k) for the parameter k in Example 2. 

Example 3. By using equation (11) and Vq = 160,^ = 32, and/: = 0.12, determine how 
the range in the second model depends on the launch angle 6 = a. 

Solution: The components of the initial velocity are = 160 cos(a) and Vy = 160 sin(a). 
If the launch angle a is measured in degrees, then equation (11) becomes: 

5xstc(ajt/m) . 20000 , ^ 3;csec(gjr/l8Q) 'l . ^ , 
(19) y = ^ ^ 4- — ^ In |^1 4- x tan(a jr/180) . 

The Mathematica function for y that involves this parameter a is: 
Y[x,160Cos[a PI/180] ,160Sin[a Pi/180] ,32,12/100] 



The output is 



SjcSec 



a Pi 



180 



20000 Log 
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a Pi 


3;cSec 


180 



4000 



+ A:Tan 



a Pi 
180 



is, 



Numerical methods can be employed to determine that the maximum range, Xj^^^ 
» 510.7, is obtained when the initial launch angle is approximately fl^ax^ Figure 
5(a) shows the graphs of (19) when the launch angle is taken as a= 6.5°, 13°, 19.5°, 
26°, 32.5°, and 39°, and Figure 5(b) shows the graphs when a = 39°, 45.5°, 52°, 58.5°, 
65°, 71.5°, 78°, and 84.5°. The rangeo: = x{a), as a function of a, can be read from the 
graph (thcAc-intercept to the right of the origin) or a table of values can be computed 
numerically from (19) after settings = 0. See Table 2. 
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Figure 5(a). Trajectories for the 
initial angle 0 < a< a^^^ for 
Example 3. 



Figure 5(b), Trajectories for the 
initial angle a^^^ < c < 90° for 
Example 3. 
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296.2 


394.7 


461.8 


499.6 


510.7 


497.7 


463^ 


411.2 


343.8 


2643 


176.0 



Table 2. The range a: = x{aj) for the launch angles a = a - in Example 3. 



Figure 6 shows a smooth curve through the data points generated by solving (19) 
numerically with_y = 0. It exhibits the dependences = x(a) sought in Example 3. 
Figure 6 also shows graphically that the maximum range is approximately 510 when 
the initial launch angle is approximately 39°. This can be done visually by setting the 
cursor at the apparent maximum and letting Mathematica digitize the coordinates. A 
numerical optimization method can be employed to produce the more accurate result 
^max " 38.609°, andjCj^3j^ = 510.728 as the coordinates ofthe maximum point in Figure 
6. Note that ^^j^ax"^ 38.609° is considerably less than the 45° angle which maximizes 
the range when there is no friction. 
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Figure 6, Range as a function of the initial angle a for Example 3. 

Conclusion 

We believe that elementary examples of projectile motion should be included in 
calculus and physics courses for three reasons. First, the ideas intrinsic to the models 
are, in themselves, useful and interesting. In fact, there is even an element of beauty 
in the discovery that simple formulas successfully describe the complexities of the 
physical world. Second, mathematical analysis, including the use of limits and series, 
can be used to compare and analyze mathematical models. Third, examples like we 
have discussed are stepping stones along the path to "mathematical maturity," For 
those students with no inherent interest in the physical contents of the models of 
projectile motion, there is still the need to develop modes of thinking about mathe- 
matical objects and expressions. 

The notions of implicit functions and dependence on parameters are, by far, the 
most important constructs the student can meet in a discussion such as presented in 
this paper. The power of computer algebra sy;>tems to present and manipulate such 
fundamental concepts in very concrete ways is demonstrated in the discussions. We 
look forward to the development of more pedagogical materials based on experimen- 
tation and exploration via modern computer tools. 
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More Poetry in Mathematics 

by 

Richard L. Francis 
Southeast Missouri State University 
Cape Girardeau, MO 63701 
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received a B.S^ degree from Southeast Missouri State University and 
master's and doctorate degrees (including post-doctoral work) from 
Southeast the University of Missouri ( Columbia ). His major scholarly interests 
are number theory and the history of mathematics. 

Pie-eyed "Math" Now Euler decided to try, 

Finding e to the power xi, 
"Add a one, take the sum. 
The result will become, 
A zero, if jc equals pi." 

Eureka! Archimedes, a man of respect. 

Drew an angle he wished to trisect. 

Though a ruler was used. 

He left students confused, 

For the proof at first glance seemed correct. 

Guess It appears to work out every time. 

This conjecture of Goldbach sublime. 

Numbers starting with four. 

Even so, evermore. 

Decompose to a prime plus a prime. 

The Derivative Hear now Bishop Berkeley exclaim, 

As Newton he questions by name, 
"Departed almost. 
Each quantity's ghost?" 
"Your fluxion's a logical shame." 

Delos With compass and straightedge in hand, 

A cube Euclid sought to expand. 
And thus duplicate. 
Yet he always got eight. 
As the plague grew worse through the land. 
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Jay Abramson is currently a mathematics instructor at Amarillo 
College, Amarillo, Texas, He has taught mathematics on both the 
secondary and post-secondary levels. Jay earned his Master of 
Science degree in mathematics at the University of New Hampshire 
in 1987. He also earned a Bachelor of Science degree in geology from 
the University of New Mexico in 1981, His current interests are 
researching math history and writing textbooks and suspense novels. 

Robert Forsythe is currently working on an Associate in Applied 
Science in Metrology with the Endorsement in Technical Writing at 
Texas State Technical College, He earned an Associate in Applied 
Science in Laser Electro-Optics from Texas State Technical College 
in 1992. He was selected as a member of Who's Who Among 
Students in American Junior Colleges, 1992-1993. 



ACROSS 

I. E = nic" 
3. Eureka! 

5. Wrote a classic word problem book "How To 
Solve It." Said that "mathematics was the 
cheapest science/' 

6. Solved equations by use of Groups. 

8. His elements influenced geometry for 2000 years. 

II. Norwegian who cataloged huge collections of 
groups. 

13. Logician who developed set diagrams. 

14. His sum is the common definition of the integral. 
16. Principia 

18. Blind mathematician after whom "e" is named. 

19. A woman with many rings and ideals. 

22. Examined the square roots of - 1. 

23. Although a theorem bears his name, he was an 
early antagonist of calculus. 

25. Rabbit sequence 

26. Though known for his work with quarternions, 
once wrote "Cayley is forging the weapons of a 
future generation of physi -cists." 

28. Solved the cubic equation + px - q, where p 
and q are pc\sitive. 

29. Examined infinite sets using one-to-one cor- 
respondence 

31. Lucasian professor best known for uniform con- 
vergence and the theorem that bears his name, 
though some say incorrectly. 



33. His paradoxes included that motion was impos- 
sible. 

37. Studied algebraic equations, one of the more 
interesting involved c/4, where c = 2ji. 

41. Though not the founder, the first real giant of 
probability theory. 

42. Cantor's teacher, who then denied Cantor's trans- 
finite numbers. 

43. A spring stretched to its limits. 

44. Proved the Fundamental Theorem of Algebra, 
"Few. but ripe.'* 

45. French lawyer who used letters for numbers, (alt 
sp) 

46. Single sided surface, (alt sp) 

47. Theorem used in Boolean algebra. 



DOWN 

1. Developed a sieve to catch primes. 

2. Studied logarithms prior to miscalculating the 
end of the world. 

4. Greatest mathematician of the 20th century. 
Posed 23 problems in 1900. 

6. His key statistical work set forth his ideas on 
regression and correlation. 

7. He was determined to understand determi-nants. 

9. His solutions to Euler*s problems represent-ed a 
transition from the heavily geometrical presenta- 
tion to an analytical one. 

10. His cuts formed the real numbers. 



DOWN (continued) 

12. His series represents a function by a power series 
in (x-a), 

15. This witch loved curves. 

17. A mostly ignored secondary schcol teacher who 
lectured on a continuous nowhere different able 
function; it was subsequently published by a stu- 
dent. 

20. From India, through Hardy, to England and num- 
ber theory. 

21. The cart before the coordinate system. 

24. A little late in inventing calculus, (alt sp) 

25. His theorems, written in the margins of texts, have 
gone centuries without proofs. 

27. His algebra is used to design computers. 



30. Logician who wrote Alice in Wonderland. 
32. A differential kind of woman, (alt sp) 

34. Number theorist whose symbol is used to speed 
computations with quadratic residues. 

35. First to systemize logic, developed the three 
Primary Lava's of lliought. 

36. This "mad, bigoted Catholic" formed the basis for 
modem complex variable theory, 

38. His groups have the commutative property. 

39. His debauchery and scared personal life did not 
keep him from a cubic solution, (alt sp) 

40. Developed a method to solve a system with the 
use of determinants. 



45. 



' Neuman 



Sec p. 84 for answers. 
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Lucky Larry 

by Philip G. Hogg 
Punxsutawney, PA 



Editor's Note: Lucky Larry is the infamous student who, in spite of making numerous 
errors, manages to get right answers. Is he in your class? Send samples of his work to 
the editor for inclusion in future issues. 

Lucky Larry #1 

In an algebra class I gave the following logarithmic equation. Lucky Larry "can- 
celed" the logs, but still got the right answer. 

2 ln;c = ln;c + In 4 

2 \nx -}i\x + Jn4 

2r =a: + 4 

a: = 4 



Lucky Larry #2 

In calculus, Lucky Larry's form recognition isn't very good and his algebra is weak, 
but the answer is right. 

9 

/ — 7=r = In U"V^L 

= ln I (9- 3) -(4- 2) I 
= ln4 



Lucky Larry #3 

I tried to count how many errors Lucky Larry made in this one, but I'm still not 
sure. 



2x 3 



1 1 

— > _~ 

Tx^ 3 
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Fifth Edition 
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Michael Sullivan, Chicago State 
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54846-4, 967 pp., cloth, 1993 
Praised by reviewers for its clarity and large 
variety of detailed examples, the now Fifth 
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MULTIVARIABLE 
CALCULUS, 4/E 

Howard Anton, Drexel University with 
contributions from Albert Herr, Drexel 
University 

58247-6, 656 pp., cloth, 1993 
I loward Anton's clarity of exposition and 
high standard of mathematical precision is 
now available in a new MULTIVARIABLE 
CALCULUS! The book consists of the 
multivariable portion of Anton's bestselling 
CALCULUS WITH ANALYTICAL 
GEOMETRY (chapters 14-19) as well as 
appendices on Cramer's Rule, complex 
numbers, infinite series, and first-order 
differential equations. 
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EQUATIONS LABORATORY 
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Computer 

Robert L. Borrelli, Harvey Mudd College 
Courtney S. Coleman, Harvey Mudd 
College 

William E. Boyce, Rensselaer 
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55142-2, 338 pp., paper, 1993 
Tlio focus of this Workbook ib on computer 
experiments that support and amplify the 
lopicb found in introductory ordinary differ- 
ential equations texts. The Workbook features 
SI experiments for maximum flexibility. 
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Lucky Larry #4 

I asked for a proof of the Remainder Theorem. Here is Lucky Larry's. 

f 

x-a flJx) 

f (A-)-ffi ) 

1(a) = remainder 

Lucky Larry #5 

I asked the class to solve ;c + 3 = V3x + 7. Larry brought me this. 

X + 3 = VJxTl' 

X -\- 3 = 3x + 1 

-4 = 2i- 

X = -2 (which checks!) 

I pointed out the error of not squaring both sides of the equation, and told him to 
expect two roots. He came back with this. 

A- + 3 = V3t + 7 

x^ + 3x + 9 = 3x + l 

+ 2 = 0 

(x + 2)(x + 1) = 0 

x=-~2 x=~ \ (Both check!!) 



The effect of the computer on college teaching has been retarded by the tenure 
system. The non-tenured dare not change and the tenured need not change. 



Peter Hilton 
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A Survey of Two-Year College Mathematics 
Programs: The Boom Continues 

by 

Anne E. Watkins 
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Mathematical Association of America 
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Data Analyst 

Ann Watkins is Professor of Mathematics at Cal State Northridge. 
She taught at Los Angeles Pierce College for 15 years where she 
became interested in statistics education. Ann and her husband^ 
Bill, are the editors of the College Mathematics Journal and the 
parents of two teenaged daughters. 

Don Albers is on leave from Menlo College while serving as As- 
sociate Director of the Mathematical Association of America. He 
is the coauthor of Mathematical People, Don is wild about baseball, 
especially the Dodgers, and hiking in the Southwest. 
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AMATYC is one of the 14 organizations that comprise the Conference Board of 
the Mathematical Sciences (CBMS). Every five years since 1965 CBMS has conducted 
a study of undergraduate mathematical sciences programs in the United States. These 
surveys provide a detailed portrait of enrollment, instruction, and faculty in univer- 
sities, four-year colleges, and two-year colleges. This article presents an overview of 
the data collected in the 1990-1991 survey of two-year college mathematics programs, 
which are reported in full in Albers, Loftsgaarden, Rung, & Watkins (1992). (The term 
"mathematics program" fCTTers to the mathematics, computer science, and statistics 
taught by the group of all mathematics and computer science faculty in a two-year 
college.) 

The findings of the 1990-1991 CBMS survey underscore the importance in under- 
graduate mathematics education of the 1018 two-year college mathematics programs. 
In these programs, large numbers of students reap the advantages of small class size, 
extensive opportunity for remediation, and an educated, experienced, and diverse 




faculty. Meanwhile, the faculty struggles with the problems of teaching remedial 
mathematics, excessive dependence on part-time faculty, student motivation, and 
filling advanced classes. 

The survey was mailed in the fall of 1990 to the mathematics program heads at a 
stratified random sample of 212 of the 1018 two-year college mathematics programs 
in the United States, Forty-eight percent responded. Projections were made using 
standard procedures for stratified random samples. The data from this survey are in 
good agreement with similar data when available from other surveys. 

Enrollment 

Total Enrollment in Mathematics Programs 

The Fall 1990 enrollment in courses in two-year college mathematics programs 
totaled almost 1,400,000, which is about 38% of all post-secondary mathematics, 
statistics, and computer science enrollment. Enrollment has resumed its steep. climb, 
increasing by 35% between 1985 and 1990, after declining slightly between 1980 and 
1985. See Figure 1. (In contrast, the total number of two-year college students in- 
creased by 24%.) Fewer than 1% of two-year college students are mathematics majors. 
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Figure 1, Enrollment (in thousands) in mathematics programs at two-year 
colleges: Fall 1966, 1970, 1975, 1980, 1985, 1990, 

Enrollment in Specific Courses 

The growth in mathematics program enrollment can be attributed largely to growth 
in remediation, which accounts for 67% of the enrollment increase from 1985 to 1990. 
Enrollment in remedial courses has climbed from a third of the total mathematics 
program enrollment in 1970 to more than half in 1990 (sec Table 1). FiUy-eight percent 
of the enrollment in mathematics (excluding computer science) courses is at the level 
of intermediate algebra or below. Not surprisingly, remediation was classified as a 
major problem by 65% of department heads. 




Courses showing large percentage increases in enrollment over 1985 include 
elementary algebra (45%), intermediate algebra (73%), college algebra (70%), math 
for liberal arts (218%), non-mainstream calculus (162%) and elementary statistics 
(62%). See Table 2. Pre-algebra, listed for the first time on the 1990 survey, debuts 
with an enrollment of about 45,000. The decrease in college algebra/trig enrollment 
appears to be a result of restructuring these courses as precalculus/elementary func- 
tions, which showed roughly an equivalent increase. 

Table 1. Enrollment (in thousands) in mathematical sciences and compu- 
ter science courses by level of courses in mathematics programs 
at two-year colleges: Fall 1966, 1970, 1975, 1980, 1985, 1990. 



Level 


1966 


1970 


1975 


1980 


1985 


1990 


Remedial (Courses 1 -6) 


109 


191 


346 


441 


482 


724 




(32%) 


(33%) 


(40%) 




(47%) 


(52%) 


Precalculus (7-11) 


96 


134 


152 


180 


188 


245 




(28%) 


(23%) 


(17%) 


(17%) 


(1C%) 


(18%) 


Calculus (12 -17) 


42 




73 


86 


97 


128 




(12%) 


(10%) 


(8%) 


(8%) 


(9%) 


(9%) 


Computing (29 36) 


5 


13 


10 


95 


98 


98 




(1%) 


(2%) 


(1%) 


(9%) 


(10%) 


(7%) 


StalisUcs (24 25) 


5 


16 


27 


28 


36 


54 




(1%) 


(3%) 


(3%) 


(3%) 


(3%) 


(4%) 


Other (18 28.37) 


91 


171 


266 


218 


133 


144 




(26%) 


(29-^/0) 


(31%) 


(21%) 


(13%) 


(10%) 


TOTAL 


348 


504 


874 


1040 


1034 


1393 



NolP' This taWo was consUucled using Table 2. Course numbers used in Iho gtoupinys 
ate also found in Table 2- 



Two-year college mathematics departments have traditionally had difficulty offer- 
ing the full range of lower division mathematics courses. Although there was an 
encouraging improvement in the availability of baccalaureate-level courses between 
1970 and 1990, many students will still be unable to complete the first two years of 
baccalaureate-level mathematics. Linear algebra, discrete mathematics, finite mathe- 
matics, mathematics for liberal arts, mathematics for eleri:entary school teachers, 
elementary programming, and many other computer science courses are offered at 
fewer than half of all two-year colleges. 

Enrollme nt in Math Courses Taught by Other Departments 

Many associate of arts degree programs and technical/occupational programs in 
two-year colleges teach their own mathematics. As part of this survey, the head of the 
mathematics program estimated the enrollment in such courses at his or her college. 

The growth in enrollment in these mathematics courses has traditionally out- 
stripped the growth in enrollment in mathematics programs. From 1970 to 1985, these 
courses increased in enrollment by 292%, while mathematics program enrollment 
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Table 2* Enroiiment (in thousands) in mathematical sciences and com 
puter science courses in mathematics programs at two-year col 
leges: Fall 1966, 1970, 1975, 1980, 1985, 1990. 





1966 


1970 


1975 


1980 


1985 


1990 


Remedial level 














1 . Arithmelic 


15 


36 


67 


121 


77 


79 


2. General malhematics 


17 


21 


33 


25 


65 


68 


3. Pre algebra 


na 


na 


na 


na 


na 


45 


4. Elementary algebra 


35 


65 


132 


161 


181 


262 


5. Intermediate algebra 


37 


60 


105 


122 


151 


261 


6. Higli school geometry 


5 


9 


9 


12 


8 


9 


Precalculus level 














7. College algebra 


52 


52 


73 


87 


90 


153 


8. Trigonometry 


18 


25 


3C 


33 


33 


39 


9 Cnll ain A trin^mmh^ 


15 


36 




41 


46 


18 


10. Preca!c/elem Ins 


7 


1 1 


16 


14 


13 


33 


1 1. AMlalyUl* gwuiTiwii y 




1 yj 


o 
o 


c 
D 


D 


n 
c 


v^aiuuius level 














12. Mainstream calc 1 












Do 


lO. IVIanioliOolll ^o1^ II 


An 


58 




/ o 




C.O 


14. Mainstream calc 111 












14 


15. Non-mainstream calc I 






3 


g 


13 


31 


16. Non-mainstream calc II 


na 


na 








3 


17. Differential equations 


2 


1 


3 


4 


4 


4 


















■j 




o 

c. 




o 
o 


o 


19. Discrete mathematics 


na 


na 


na 


na 


1 

L 


1 


20. Finite mathematics 


3 


12 


12 


19 


21 


29 


21. Math for liberal arts 


22 


57 


72 


19 


11 


35 


22. Business math 


17 


28 


70 


57 


33 


26 


23. Math for elem teachers 


16 


25 


12 


8 


9 


9 


24. Elementary statisiics 


4 


11 


23 


20 


29 


47 


25. Probability & statistics 


1 


5 


4 


8 


7 


7 


26. Technical mathematics 


19 


26 


46 


66 


31 


17 


27. Tech math (calc level) 


1 


3 


7 


14 


4 


1 


28. Use of hand calculators 


na 


na 


4 


3 


6 


L 


Computing 














29. Computers & society 


na 


na 


na 


na 


na 


10 


30. Data proc (elem or adv) 


na 


na 


na 


na 


36 


21 


31. Elem prog (languages) 


3 


10 


6 


58 


37 


32 


32. Advanced ptogramming 


na 


na 


na 


na 


5 


8 


33 Database management 


na 


na 


na 


na 


na 


4 


34. Assembly lang prog 


na 


na 


na 


na 


4 


2 


35. Data structures 


na 


na 


na 


na 


2 


1 


36. Oli^pf comp. sci courses 


2 


3 


4 


37 


14 


20 


37. Other math courses 


8 


14 


32 


27 


14 


23 


TOTAL 


348 


584 


874 


1048 


1034 


1393 



na mpani^ not RvaiinVjIft And L means somo but fewer Uian 500 

Mainstrpatn calc i^ for math, physics, sci & engr. non mainstrearn for h\o. soc & mgmt sd 
Prior to IPQO aggipgatp sums for Main Calc I. II & III wm© repoited 
Prior lo 1990. aggipgatft sums for Nor; Main Calc I & II were reported 
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increased by 77%. However, from 1985 to 1990, enrollment in mathematics programs 
increased by 35%, while enrollment in courses outside mathematics programs in- 
creased by only 12%. Enrollment in these courses is now about 29% as large as 
enrollment in mathematics programs. 

Most students who take business math, data processing, and computer science and 
programming do so outside of mathematics programs. Table 2 shows a decrease in 
enrollment in business mathematics, technical mathematics, and data processing 
taught within mathematics programs. These courses showed a similar decrease in 
enrollment when they were taught outside of mathematics programs. 

Instruction 

Instructional Formats 

In 94% of two-year college mathematics programs, most faculty use the standard 
lecture-recitation system with classes of 40 or fewer. In 5% of two-year college 
mathematics programs, large lecture sections are the norm. 

The instructional innovations of the 1970s that allow students to pace their learn- 
ing—personalized system of instruction, audio-tutorial, modules, computer-assisted 
instruction, programmed instruction — continue to decline in popularity. Only a small 
percentage of the two-year college mathematics faculty use them today. 

Innovations in Calcul us Cour<;e<; 

Innovations in calculus instruction of the late 1980s had not gained much of a 
toehold in Fall 1990. Fewer than 5% of the sections of Mainstream Calculus I, II, or 
III or Non-Mainstream Calculus I or II assign group projects or have a writing 
component. 

Average Number of Students Per Section 

In Fall 1990, the average number of students per section for mathematics and 
statistics courses was 28. The average number of students per section in computer 
science courses was 18. Table 3 shows that class sizes are smaller than in four-year 
colleges and universities. 

Table 3, Average section size by level of course in two-year colleges and 
four-year colleges and universities: Fall 1990. 





Two-Year 
Colleges 


Four-Year Colleges and 
Universities 


Remedial (Courses 1-6) 


29 


31 


Precalculus (Courses 7-1 1 ) 


27 


35 


Calculus (Courses 12-17) 


24 


35 


Computer science (Courses 29-36) 


18 


29 


Statistics (Courses 24-25) 


29 


37 



Coutse numbeis ate for two-year college courses Se© Table 2 
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Use of Computers and Calculators 

The computer has arrived in two-year college mathematics classes, especially in 
advanced classes. Department heads report that in a typical week 23% of the faculty 
assign homework requiring use of the computer. Computer assignments are regularly 
given in 9% of all sections of mathematics (excluding computer science). Linear 
algebra, with 40%, is the course that has the largest percentage of sections in which 
computer assignments are regularly given. Statistics follows with 29%. 

Mathematics program heads estimate that there is substantial use of computers by 
faculty for constructing tests or assignments, but only 10% of the faculty use a 
computer algebra system in a typical week. 

Computers are available in moderate numbers for use by mathematics students and 
mathematics faculty, but the percentage of two-year colleges with no computers for 
use in mathematics classrooms is still quite large. In fact, "computer facilities for 
classroom use" is listed as a major problem by 28% of department heads. 

Excluding computer science courses, calculators are recommended for use in 48% 
of all sections, up from 29% in 1980. As was the case with the computer, the more 
advanced the course, the more likely it is that calculators are recommended. The 
percentage varies from 88% of the sections of differential equations to only 12% of 
the sections of arithmetic, which apparently continues to be a pencil-and-paper 
algorithm course. 

Math Labs and Other Student Services 

Over 86% of two-year colleges operate a math lab or tutorial center, most of which 
employ students and paraprofessionals. Placement examination, available in 60% of 
two-year colleges, is the only other student service typically offered. See Table 4. 

Table 4. Percent of two-year colleges offering various services to students: 
Fall 1990. 



Service 


% of two-year colleges 
offering 


Math lab or tutorial center 


867o 


Advisory placement examinations 


60% 


Mandatory placement examinations 


587o 


Honors sections 


177o 


Regular participation in math contests 


17% 


Lectures/colloquia for students 


15% 


Active niath club 


127o 


Social activities for majors and faculty 


7% 
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The Faculty 

Use of Part-Time Faculty 

The part-time faculty now numbers 13,700, nearly twice the size of the full-time 
faculty, which numbers about 7200 (see Figure 2). From 1985 to 1990, the full-time 
faculty increased by 15%, the part-time faculty by 84%, and student enrollment by 
35%. 



14000 -^ 
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Figure 2. Number of full-time and part-time faculty in mathematics pro- 
grams at two-year colleges: Fall 1966, 1970, 1975, 1980, 1985, 1990. 

Part-time instructors make up 65% of the two-year college mathematics program 
faculty and teach 42% of all sections and 51% of the sections of remedial mathematics. 
About half of all sections are taught either by part-time instructors or full-time 
instructors teaching extra hours for extra pay. It's no wonder that 42% of mathematics 
program heads classify "the need to use temporary faculty for instruction" as a major 
problem. 

Other Employment of Mathematics Program Faculty 

Supplementing the part-time faculty, 44% of the full-time faculty teach extra hours 
for extra pay, averaging 4.7 additional hours for these faculty members. 

Seventy-three percent of part-time instructors either have full-time employment 
elsewhere or are graduate students (see Table 5). 
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Table 5. Other employment of part-time faculty in two-year college math- 
ematics programs: Fall 1990. 



Other employmenl of 
part-lime facu'ty 


Percent of part-time faculty 


Employed full-time in: 




a high school 


30% 


a two-year college 


9% 


a four-year college 


3% 


industry or other 


26% 


Graduate student 


5% 


No full-lime employment 


27% 



Teaching Load 

The average required teaching load of a full-time mathematics program faculty 
member is 14.7 contact hours a week, down from 16.1 hours in 1985. See Table 6. 

Table 6. Teaching load for full-time faculty members in mathematics 
programs at two-year colleges: Fall 1990. 



Teactiing load- 
contact hours 


9 10-12 13-15 16-18 19-21 22 


Percent of two- 
year schools 


0.4% 25.2% 57.3% 1 1 .3% 5.4% 0 4% 


* Full-time average contact hours: 147 

* Percent of the full-time faculty who teach extra hours for extra pay: 44% 

* Average number of extia hours for extra pay: 47 



Part-time faculty members leach an average of 6.1 hours a week, up from 5.7 hours 
a week in 1985. In 19% of mathematics programs^ "part-time" instructors teach an 
average of 9 hours or more. 

Education of the Full-Time Faculty 

The percentage of the full-time two-year college mathematics program faculty with 
a doctorate has risen to 16.5%, although fewer than 2% of new full-time hires in 
1989-1990 had doctorates. Many faculty mcmbcrsapparcntlyearn doctorates while on 
the job. The percentage of full-limc faculty members whose highest degree is a 



bachelor's degree is down to 4% (compared to 27% of the part-time faculty). Table 7 
gives the highest degree and field of degree for full-timers. 



Table 7. Highest degree of full-time faculty in mathematics programs at 
two*year colleges by field and level of highest degree: Fall 1990. 





Highest degree 




Field 


Doctorate 


Masters+1 Masters Bachelors 


TOTAL 


Mathemalics 


8% 


26% 


31% 


3% 


68% 


Mathematics Education 


6% 


5% 


6% 


L 


17%) 


Statistics 


L 


1% 


1% 


0% 


2% 


Computer Science 


L 


1% 


2% 


1% 


4% 


Other fields 


2% 


1% 


5% 


L 


9% 


TOTAL 


17% 


34% 


45% 


4% 


100% 



L: Fewei than hall of 1%. 



Education of the Part-Time Faculty 

The percentage of part-time two-year college mathematics program faculty with 
either a doctorate or a master's degree plus one year has dropped since 1970 and the 
percentage with a bachelor's degree has increased. Table 8 gives the highest degree 
and field of degree for part-timers. 

Table 8. FSighest degree of part-time faculty in mathematics programs at 
two-year colleges by field: Fall 1990, 





Highest degree 




Field 


Doctorate 


Masters+1 


Masters 


Bachelors 


TOTAL 


Mathematics 


1% 


8% 


27% 


11% 


47% 


Mathematics Education 


1% 


3% 


8% 


5% 


17% 


Statistics 


L 


L 


1% 


L 


2% 


Computer Science 


L 


L 


2% 


4% 


7% 


Other fields 


4% 


4% 


12% 


7% 


27% 


TOTAL 


8% 


15% 


50% 


27% 


100% 



L' Fewer ihan hall ol 17o 



Sex of the F ulKTime Faculty 

Women comprise 34% of the full-time faculty in mathematics programs, up from 
21% in 1975 (see Figure 3). Women make up 49% of the full-time mathematics 
program faculty under the age of 40, a remarkable percentage given that in each of 
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the years from 1970 to 1986, 35% or fewer of the master's degrees awarded in the 
mathematical sciences went to women (National Research Council, 1990, p. 102), 



5000 -, 
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Figure 3. Number of male and female full-time faculty members in math- 
ematics programs at two-year colleges: Fall 1975, 1980, 1985, 
1990. 

Ethnicity of the Full-Time Faculty 

Ethnic minorities comprise 16% of the full-time mathematics program faculty (up 
from 7% in 1975) and 26% of the full-time mathematics program faculty members 
under the age of 40. See Tables 9 and 10. 



Table 9. Number of ethnic minority full-time faculty members in mathe- 
matics programs at two-year colleges: Fall 1975, 1980, 1985, 
1990. 





1975 


1980 


1985 


1990 


Number of fuH-time ethnic 
minority faculty members 


416 


450 


753 


1155 


7o el'inic minorities among 
full-time faculty members 


7% 


87o 


12% 


16% 



1 V . 



Table 10. Ethnic group distribution of full-time faculty and of fuil-time 
faculty under age 40 in mathematics programs at two-year col- 
leges (Fall 1990) and percent of master's degrees in mathemati- 
cal sciences awarded (1985). 



Ethnic Group 


Percent of 
(acuity 


Percent o\ faculty 
under age 40 


Percent of U.S. 
master's degrees * 


Non-Hispanic white 


84% 


74% 


87% 


Asian/Pacific Islander 


4% 


6% 


8% 


Hispanic 


7% 


12% 


2% 


Black 


4% 


8% 


2% 


Native American 


1% 


L 





L: Fewer than halt o! 1% 



* Includes U.S. citizens only. [Source: National Research Council, A Challenge of 
Numbers: People in the Mathematical Sciences, National Academy Press, 
Washington, DC, 19S0 p.47. Iheir source: National Center for Education Statistics 
o( the U.S. Department of Education, unpublished data ] 



A ge of the FuU-Timc Faculty 

The average age of the mathematics program faculty has risen to 45 years, about 
the same as the faculty in four-year college and university mathematics and statistics 
departments. The percentage under age 40 slid from 47% in 1975 to 23% in 1990. 

Sources and Sinks of FuU-Time Faculty 

Over 700 people were newly hired for full-time teaching (both permanent and 
temporary) in mathematics programs at two-year colleges in 1990. Forty-seven percent 
of them had taught previously in the program i nto which they were hired. 

The year before they were hired full-time (1989-1990), 62% of the new hires were 
teaching and 29% were in graduate school. In the first CBMS surveys, the majority of 
new hires were secondary school teachers. In 1990, fewer than 10% of the new hires 
were secondary school teachers. 

In 1989-1990, only 33% of the full-time faculty who left two-year college teaching 
did so because of death or retirement. 



Administration of Two-Year College Mathematics Programs 
Given the opportunity to complain, department heads didn't. Remediation was the 
only problem classified as major by an overwhelming percentage of department heads 
(65%), followed by salary levels/patterns (47%), the need to use temporary faculty for 
instruction (42%), and student motivation (38%). 

During the 1980s, many two-year colleges reorganized so that the mathematics 
program was administered by a division head rather than by a mathematics department 




chair. The percentage of two-year college mathematics programs administered under 
various structures in 1990 can be found in Table 11. 



Table 11. Administrative structure of two-year college mathematics pro- 
grams: Fail 1990. 



Administrative structure 



Percent of two-year college 
mathematics programs 



Mathematics department 



36% 



Mathematics and computer science 
department 



9% 



Mathematics and science division or 



40% 



department 



No department structure 



3% 



Other (mostly department or division 
with mathematics and other disciplines) 



13% 
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The number of math majors is down; test scores arc down; all numbers are 
down except the number of administrators. Administrators should be self-effacing 
facilitators, but loo many are self-regarding complicators. 



Peter Hilton 
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Mathematics: An International View 

Edited by Igor Malyshev and Joanne Rossi Becker 

San Jose State University, One Washington Square, San Jose, CA 95192 

This column is an avenue for discussion of the first two years of college mathematics with a global 
perspective. Because mathematics is an international culture, it is important to follow the develop- 
ment of mathematics education throughout the world. We feel that by sharing information from 
other countries with systems of education different from ours, we will gain an enriched understanding 
of, and a better perspective on, our own system. A completely different viewpoint on a topic can serve 
to stimulate our imaginations and help us find new solutions to a problem which will work in our 
context. As we move toward dramatic changes in both the curriculum and instruction in mathematics 
called for in many reports, reflection on practices used in other countries can only help our efforts. 

For this column, we would like to publish two types of items: material with an international origin 
or context that you could use directly with your students; or information about the content and 
structure of coursework in other countries. We welcome submissions of 3-4 pages or suggestions of 
mathematicians from other countries from whom we could solicit relevant material. 

Send contributions for this column to Igor G. Malyshev at the address above. 



Teaching International Awareness Through 

Mathematics 

by Richard H. Schwartz 
College of Staten Island, Staten Island, NY 

Richard H. Schwartz earned his doctorate in civil engineering at Rutgers University and 
is an associate professor of mathematics at the College of Staten Island, He frequently 
speaks and contributes articles on mathematical connections to current issues. 

The world faces a wide variety of interrelated problems today. Population is 
growing extremely rapidly and is projected to double in approximately 40 years. 
Environmental threats such as the depletion of the ozone layer, potential global 
warming, acid rain, and the destruction of tropical rain forests have global implica- 
tions. Hunger stalks many areas and an estimated 20 million people die annually due 
to insufficient food. People in many countries lack clean water, adequate shelter, 
employment, and other basic needs. In view of these many global problems, it is not 




surprising that in 1989, contrary to its general practice of choosing a "Person of the 
Year/* Time magazine chose instead "Our Endangered Planet," Planet Earth, as 
"Planet of the Year." 

Yet college students are generally unaware of these critical issues that threaten 
their futures and those of every person on earth. Based on the results of a recent survey 
of geographic knowledge of students in the United States and the (former) Soviet 
Union, the National Geographic Society concluded that American citizens show "an 
astonishing lack of awareness of the world around them." {New York Times, 1989) 

It is essential that students become aware of the nature of current threats and of 
possible solutions. Mathematics teachers can play a role by providing problems that 
relate to current critical issues. For the past 17 years I have been giving a course, 
"Mathematics and the Environment" at the College of Staten Island. By relating the 
material to today's major problems, it has helped to motivate students in their math- 
ematical studies. It provides answers to questions frequently heard from students in 
general mathematics classes such as, "Why do I have to learn mathematics? What is 
it good for? How will I use it when I get out of school?" 

The following problem illustrates the suggested approach. Creative mathematics 
teachers can create many similar problems from daily news articles, the many recent 
books on environmental and other global issues, and the resources listed at the end of 
this article. 

Using data from the 1992 World Population Data Sheet (discussed later), 
indicate several ways of comparing the wealthy countries (and r egions) with poor 
countries. 

This is an open-ended question that enables students to work (possibly in groups) 
in gathering and analyzing data. They could find the range in life expectancies (82 
years - 42 years for females, and 76 years - 40 years for males, with Japan having the 
highest value and Afghanistan and Guinea-Bissau, respectively, having the lowest 
value in each case). They could find the country (Switzerland) having the highest per 
capita GNP ($32,790) and the lowest ($80 for Mozambique) and find the ratio. They 
could compare birth rates, death rates, infant mortality rates, and population doubling 
times for various countries and regions. They could draw scatterplots for birth rates 
vs. per capita GNP, for example, to see how the wealth of a country is related to other 
important variables. 

. Other kinds of mathematics problems which can be presented using information 
on the Population Data Sheet involve computing percent increases in population and 
the percent of the world's population living in the United States or some other country 
or region, and drawing bar charts and histograms for such things as birth rates and 
physical quality of life indices. Different coun-tries such as China and India, and 
regions, can be compared using a wide variety of data. 

To increase connections to international issues, news and magazine articles related 
to the course can be discussed; the course can be related to events such as Earth Day 
and U.N. conferences related to population, hunger, environment, water resources, 
habitat, desertification, and disarmament. Students can report to the class on some 
global issue they have researched, using mathematical concepts covered in the course. 

Using these and similar mathematical problems, teachers can introduce interesting 
and significant information and concepts related to current issues. More important 



than the specific information in any problem, however, is the understanding of inter- 
national issues and threats that students gain from discussing the significance of the 
results. Calculating the answers to the math problems raises a host of related ques- 
tions: How serious is the population explosion? What are the economic, social and 
health costs of pollution? Are we running out of resources? What are the environ- 
mental consequences of waste in the United States and other affluent countries? 

The nature of the many critical problems facing the world makes it imperative that 
we use new and creative ideas to help make students aware and ge* them involved. 
Relating mathematics and global issues can be one such idea that can help turn our 
world away from its present apparent journey toward disaster. 

Resources for Further Mathematical Problems : 

1. The Population Reference Bureau, Inc., ( 1875 Connecticut Avenue NW, Suite 
520, Washington, D.C. 20009, (202) 483-1100) is an excellent source for information 
related to population. We have already referred to their annual World Population 
Data Sheet which gives a wealth of information on the world's regions and countries. 
They also have a "Population Handbook" which has a comprehensive summary of 
demographic techniques with many sample prob-lems related to the World Population 
data sheets. Other valuable material includes population sheets, teaching modules, 
and bulletins. Special data sheets and other background material with many graphs, 
charts, and data were produced related to the International Year of the Child, in 1979, 
International Women's Year, in 1980, and the 20th anniversary of the first Earth Day 
in 1990, 

2. Mathematics and Global Survival, by Richard H. Schwartz (Ginn Press, 160 
Gould Street, Needham Heights, MA 02194-2310; 1-800-428-GINN), 1989, 

A 197-page text book with a wide variety of mathematics problems related to 
pollution, hunger, resource scarcity, energy, the arms race, and rapid population 
growth. The book includes the 1988 World Population Data Sheet of the Population 
Reference Bureau. 

3, Beyond The Limits, by D, Meadows, et al. Post Mills, Vermont: Chelsea Green 
Publishing Co., 1992. 

This book has much material with both mathematical and global applications, while 
providing a warning about the results of continued unrestrained growth. It uses several 
mathematical concepts including exponential growth, models, feedback loops, quan- 
tification of variables, and many charts and graphs, 

4, World Military and Social Expenditures, 1991 by Ruth L. Sivard, World Priorities 
Publications, Box 25140, Washington, D.C, 20007, 

An excellent annual publication which has much information on arms expenditures 
and the impact on social issues. Many charts, tables, and graphs are provided. 

NOTE: 

New York Times, "2 Superpowers Failing in Geography," Nov. 9, 19S9, p. A20. 




Edited by 

Judy Cain and Joseph Browne 

Tompkins Cortland Comm. College Onondaga Comm. College 

Dryden, NY 13053 Syracuse, NY 13215 

This column is intended as an idea exchange. We hope to facilitate an open exchange of ideas on 
classroom management, teaching techniques, tips for helping students get past the usual stumbling 
blocks, techniques for improving student participation, etc. We know there are lots of good ideas out 
there, and this is your chance to share them. Our backlog is almost exhausted! Please send your 
contributions to Judy Cain. 

A Class Introduction 

It is generally well accepted that the first few minutes of a class should be spent 
informing the students of the objectives for that particular class period. Often, a few 
minutes should be devoted to summarizing, in general terms, what has been studied 
during the past few days, or weeks. 

Whereas the instructor can provide this, I have found that my students are quite 
capable of providing an overview. In addition, a student can occasionally suggest 
topics for current or future investigation. For example, in a descriptive statistics class, 
I might ask "Why have we been studying probability when we are in the middle of a 
course about statistics?" Of course, this question has probably been answered at 
several points in the course, but this provides an opportunity for students to reveal 
their impressions and review some of the fundamentals about statistics. 

In a precalculus class, the first few weeks are traditionally spent reviewing selected 
topics such as sets and logic, the construction and field properties of the real number 
system, the coordinate system and others. I have asked my students at the beginning 
of a subsequent class the question "What have we been studying this past week?" I 
usually obtain a variety of result«^ from short answers like "proofs" (even though we 
had only done one or two) to short soliloquies including questions about the purpose 
of studying this material. This time does prove valuaHe in warming up the student to 
participate in class and provides important feedback about what the students are 
learning. 

Alternatively, these few minutes could be spent having the student provide written 
responses, still providing feedback to the instructor and, most importantly, stimulating 
thinking. 



Submitted by Ted Moore, Mohawk Valley Community College, Utica, NY 13501. 



TAKE ACTION. 

Encovirai^ge Interaction. 



With Texts from Acidison*"Wesley* 



For your Precalculus courses — 

Keedy. Bnimger. and Beecher 
Alg«bro and Trigonometry, 
Sixth Edition (Unit Circle) 

Hi)h pp Softcovcr 

Bitiinger and Beecher 
Algebra and Trigonometry, 
Second Edition (Right Triangle) 

H)t)} 8i)(y pp Sofwincr 

Biinnger and Beecher 

College Algebra, Second Edition 

f<)9i 6-^ Of) Sofiitnor 

Demana. Waits, and Clemens 
Precalculus: Functions ond Graphs, 
Second Edition 

iQdt f^^qio) jnn pp Hardcover 

Demana. Waits, and Clemens 
College Algebra and Trigonometry: 
A Graphing Approach, 
Second Edition 

(^68^1) y^o pp h -dctnvr 

Demana. Waits, and Clemens 
College Algebra: A Graphing 
Approach, Second Edition 

/yyj (^bS^;]) i;6() pp Hdrdawcr 

Take a Look at These 
Post-Calculus Texts — 

Nagle and Saff 

Fundamentals of Differential 
Equations, Tliird Edition 

><N} i}^o^(->i 7}(^ pp Hnrdcovvr 



Na^le and Saff 

rundamenfols of Differential Equntions 
with Boundary Value Problems 

ifo^^ii Hh4 pp Kirdrnvcr 

Johnson. Reiss. and Arnold 
Introduction to Linear Algebra, 
Third Edition 

U}cff (:;68oii ^76 pp Hiirdcinor 

Grimaldi 

Discrete and Combinatorial 
Mathematics: An Applied 
Introduction, Third Edition 

'W^ (^4<)8^) 880 pp Hnrdctnor 

Also, Look for These Titles in 1993 — 

Ant;el and Porter 

A Survey of Mathematics with 
A|»piications, Fourth Edition 

/y<;^ (^4<?<)4> 8h4 pp Hardcover 

Billstem. Libesktnd. and Lott 
A Problem Solving Approach to 
Mafhometics for Elementary 
ScheoB Teachers, Fifth Edition 

n)iji (';j;6;) 976 pp Hardcover 

Weiss 

Elementary Statistics, 
Second Edition 

N^i (^(y640i 6^0 pp Hnrdcovvr 

Keedy. Bittinger. and Beecher 
Developmental Matiiematlcs, 
Third EdtHen 

'99? (^iyyof Q>o pp S( if (Cover 



One J<ic<>l> Wny Ut»n<liin^, NtA <>ifi^>7 
(^>I7) t>44 J7<><> 
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Implicit Use of the Substitutiou Rule 

In beginning calculus the substitution rule is a powerful general rule that allows 
students to integrate many integrals they could not handle without it. For the special 
case where the only thing needed is a constant factor in the differential so that a known 
formula can be used, however, they can take a shortcut and use the substitution rule 
implicitly. Many texts never explain this, so instructors should try to wean students 
from making actual substitutions when only "fixing the constant" is required. 

r 

Example 1: J aVT + ? dx . 

Students should be able to see that if they rewrite the problem as 

Vr^7 (2x) dx , they will have the differential they need, but will need to multiply 

by ^ outside the integral to compensate for the extra factor of 2 inside. Thus, 

^ xVT+7 dx = I ^ xW+7 (2x)dx, which they can integrate without explicit substi- 
tution. 

Example 2: ^ cos^ 5x sin 5x dx. 

Students should glance at the integral and arrive at the conclusion that cos 5x is 
raised to a power. The differential of cos 5a.' is -5sin 5x dx, so everything is ready 

except for a constant factor of -5. Thus, they can set ^ cos^ 5x sin 5x dx equal to 



cos^ 5x (~5)sin 5x dx and integrate without explicit substitution. 



Submitted by James R. Smart, San Jose State University, San Jose CA 95192. 

Factoring Trinomials 

There are several methods for factoring trinomials, but the following one doesn't 
seem to be well known to algebra teachers and authors. Many students seem to prefer 
it for some of the more difficult problems. 

To factor ax^ + bx + first look for two numbers, r and 5, such that rs = ac and 
r s = b (nothing new so far). Then factor as follows: 

■5.1.. (^-^ + + ^) 

ax^ + bx + c = ^ ^ ^ - 

a 

One or both of the quantities in the numerator will have factors which will divide out 
the a in the denominator, resulting in the standard factored form. 
Example: Factor 12v^- ILt - 15. 

We have - 12- -15 = -180, so 



-20. Then 



^ 3(4y + 3)4(3Lv - 5) 
12 

= (4r + 3)(3lc - 5) 

Submitted by Joanne V. Peeples, El Paso Community College, El Paso TX 79998. 



Research in Collegiate Mathematics Education 

(A new journal) 

The Conference Board of the Mathematical Sciences has agreed to publish a 
series of annual volumes of research papers describing the slate of the art in, and 
entitled, Research in Collegiate Mathematics Education (RCME). The volumes 
will be co-edited by Alan Schoenfeld, James Kaput, and Ed Dubinsky, with an 
editorial board that contains the Joint (AMS, MAA, AMATYC, NCTM) Com- 
mittee on Research in Undergraduate Mathematics Education as a proper sub- 
set. The hope is that these volumes will serve as a showcase for the very best 
research in collegiate mathematics education, and as a means of advancing the 
field. The first volume is expected to appear in early 1994. Copies of editorial 
policies and submission procedures may be obtained from any of the editors. 

Ed Dubinsky, Purdue University, 1395 Mathematical Science Building, W. 
Lafayette IN 47907-1395. 

James Kaput, Department of Mathematics, University of Massachusetts, North 
Dartmouth MA 02747. 

Alan Schoenfeld, School of Education, University of California, Berkeley CA 
94720 



Software Reviews 

Edited by Shao Mah 

Title: MathWritcr - The Scientific Word Processor for the Macintosh (V2 0) 

Authors: J. Robert Cooke, E. Ted Sobcl 
Distributor: Brooks/Cole Publishing Company 

Pacific Grove, California 
Price: Professional Version - $398.00 US 

Education Version - $99.95 US 
System Requirements: Professional Version 68020 - 68030 based Macintosh with 2MB 
of RAM and a hard disk 

Education Version: 1MB of RAM (using Finder rather 
than Multifindcr) 

ERIC 



MathWriter is a scientific word processing software package that comes with three 
3.5 inch disks and a user*s guide. It was designed to "make the writing of mathematics- 
laden scientific and technical manuals less daunting" and it certainly does just that. 
MathWriter not only has improved and increased the number of features of traditional 
word processors, but it makes the inclusion of graphics and mathematical expressions 
(in what-you-sce-is-what-you*get format) a much less encumbered operation. Exten- 
sive menus allow the beginning user to access its features, many of which can also be 
gained by keyboard commands if so desired. 

Several of the nontechnical word processing features of MathWriter arc notewor- 
thy, input aids allow creation of reusable default or stationery tem-plate files, and 
also use of floating windows, an auto save to protect files, and an on-Hne help menu 
which is easy to understand and remarkably comprehensive. Document review is 
possible through a revision tracking feature and will automatically display typeface 
changes of additions and deletions. When revising text, the Replace Ail command 
cannot be undone and this may be viewed by some users as a criticism of the program. 
However, it is simple to repeat the process and replace what was changed with the 
original. Another feature is the hidden windows that provide a place for notes but do 
not disrupt the page layout. It is possible to incorporate minidocuments called 
sidebars within the text and the main document will automatically llow around these 
sidebars. Any graphics which are included can easily be resized or cropped and may 
have the text flowing through if so desired. There is automatic numbering of the lines 
of text (screen and print) and also of figures, equations, tables, footnotes, etc. with 
cross-references and automatic updates when editing. 

The most exceptional improvement of MathWriter over my previous word proces- 
sor is the inclusion of technical features, most notably the full integration of mathe- 
matical expressions into text. Tables and mathematical expressions are automatically 
formatted and can be edited within the text material with case. Templates, palatte 
tools, and fonts can be displayed in floating windows so as to allow fluent incorporation 
of mathematical symbols. Another feature that may be used to increase the speed of 
technical writing is a floating window of frequently used user-defined expressions. 
Access maybe gained to these by clicking on the expression or by typing a prc-designed 
simple abbreviation. A thesaurus for synonyms is included in the program as well as 
a supplementary word list of math, science and engineering terms in the spell-chcckcr. 

The only difficulty 1 have had to date was in implementing the automatic update of 
numbered equations when editing within ihe guided tour. This however has not been 
a problem when used in the technical writing \ have done. It should also be noted that 
I used the professional version of the program on my Macintosh SE even though this 
was not recommended. It was suggested ihiA the response would be sluggish, but 
MathWriter is still a vast improvement over what I used previously. 

Given MathWriter's easy-to-use and polished program and it's virtually error free, 
comprehensive and casy-io-rcad guide, I would recommend it for anyone producing 
scientifically intensive material. Be sure to check out this scientific word processor 
before purchasing any other word processing program! 

Reviewed l)y Marilyn M«icDonaId, Red Deer College, Red Deer, Alberta, Canada 
Send Reviews to: Shao Mah, Ediior, Software Reviews 
The AMAUr: Review, Red Deer College, Red Deer, AB, Canada T4N 5H5 
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CONTINUING A TRADITION OF 

EXCELLENCE 
New 1993 Titles from D. C. Heath 




A New Edition of the Number One Series 
THE PRECALCULUS SERIES 

Third Edition 

College Algebra. Third Edition 
Trigonometry. Third Edition 
Algebra and Trigonometry. Third Edition 
Precalculus. Third Edition 
Roland E. Larson and Robert P. Hostetler 
with the assistance of David E. Heyd 

all of The Pennsylvania State University. The Behrend College 

If You Teach whh Graphing Technology — 

College Algebra: A Graphing Approach 
Precalculus: A Graphing Approach 

Roland E. Larson and Robert P. Hostetler. both of 
The Pennsylvania State University. The Behrend College 
Bruce H. Edwards. University of Flonda 

Custom Published for Your Course — 
With an Exciting Focus on Technology 

Calculus with Applications. Second Edition 
Ronald J. Harshbarger. Georgia State University 
James J. Reynolds. Clanon University 

A Leading Developmental Author's Effective New Worktext 

Prealgebra 

D. Franklin Wright. Cerritos College 

A Respected Text— Now Fresher and Livelier than Ever! 

Topics in Contemporaiy Mathematics. Fifth Edition 
Ignacjo Bello. Hillsborough State College 
Jack R. Britton. University of South Flonda 

ALL WITH COMPLETE SUPPLEMENTS PACKAGES 

Stop by the D. C. Heath booth to learn about the latest offerings 
from the leaders in mathematics! 

DC Heath 

A tayHMM Company 
College Division • 125 Spnng Street ♦ Lexington. MA 021 73 • (800) 235-3565 
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The Problem Section 

Edited by Michael W. Ecker, Ph.D. Solutions by Robert E. Stong, Ph.D. 
Mathematics Deparinienl Mathematics Department 

Pennsylvania State University University of Virginia 

Wilkes-Barre Campus Charlottesville, VA 22903 

Lehman, PA 18627 

Greetings, and welcome to still another Problem Section! 

This particular column you are reading is the first completely under new editorship in the person 
of Prof. Joseph Browne. Pve worked with fine editors— Etta Mae Whitton, Jay Huber, Don 
Cohen— durmg the period since I founded this department 1 1 years ago. In particular, I believe Joe 
IS the first AMATYC Review editor to have been a long-time problem-solver and problem-editor 
himself Welcome to Prof. Browne, and congratulations with thanks to retiring editor Prof. Don 
Cohen for his contributions the years of his stewardship. 

I don't know how many serious problem-solvers we have, but you should be told again of Dr 
Stanley Rabinowitz's new compilation. Index to Math Problems 2980-1984. It contains over 5 000 
problems from the period 1980-1984 in two dozen journals, including this one. It is indexed more 
ways than one has a right to hope for, including by journal, by authors (proposers and solvers) by 
problem type, and so on. 

I know Stan from our days on the committee on American Mathematics Cx)m petitions. I am 
always impressed with the energy and dedication he brings to his efforts in problem-solving So I 
knew his Index to Math I^oblems 1980-1984 would be authoritative even before I received it 'in 
mid-1992. Last price I have listed is about S50 to individuals. Contact Stan at MathPro Press/ P O 
Box713AVcstford, MA 01886. * * 

Now, on to our regular business by reminding ourselves that the AMAIYC Review Problem 
Section still seeks not mundane exercises but lively and interesting problems and their solutions from 
all areas of mathematics. Particularly favored arc teasers and challenges of an elementary or 
intermediate level that have some applicability to the lives of two-year a^llege math faculty and their 
students. Wc welcome computcr-rclated submissions, but bear in mind that programs should 
supplement, not supplant, the mathematics. 

To submit material for this department, send your new problem proposals only, preferably typed 
or printed neatly with separate items on separate pages, to the Problem Editor at the home address 
shown below. If you have a solution to your proposal, please include it along with any relevant 
comments, history, generalizations, special cases, observations, and/or improvements. Include a 
mailing label or self-addressed envelope if you*d like to be assured a reply. 

All solutions to others' proposals except Quickies should be sent directly to Dr. Siono at his home 
address. Addresses arc: 

Dr. Michael W. Ecker Dr. Robert E. Stong 

Problem Section Editor Solutions Iiditor 

The AMA lYC Review ne AMA TYC Review 

909 Violet Terrace 150 Bennington Road 

Clarks Summit, PA 18411 Charlottesville, VA 22901 

If you see your own problem printed later, please send Prof Stong a copy of your st^lution 
regardless of whether you sent me one originally with your propo.saI or not. This is not mandator' as 
policy, and you will automatically be listed among solvers (unless problem is starred, indicating no 
solution submitted with proposal). However, this is the safest way to assure that your approach will 
be considered for publication as a featured solution. Thank^:} 

Quickies 

Quickies arc math teasers that typically take just a few minutes to at most a 
half-hour to an hour. Solutions follow the next issue. All correspondence to this 
department should go to the Problem Editor, not the Solutions Editor. 
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Quickie #4 Revisited, Solution by Steve Plett: What is the smallest possible value for 
the sum of a positive real number and its reciprocal? 

Express the number as 1 +Xy with x> -1, so the sum is (1 +x) + 1/(1 +x). This can 
be rewritten as (2 + 2r +x^)/(l +x) or 2 +x^/{l +x). The smallest value of the latter is 
2, the minimum being achieved for jr = 0- that is, when the positive real number used 
is 1. 

Bob Stong noted an even simpler solution: The result flows from the equivalence 
ofx + l/x > 2 and (a:-1)^> 0 forA:>0. (Multiply the first byjc). 

Quickie #5. It is obvious that ^ + 1/a = + 1/i? if and only if a = 5 or a = 1/i?. Prove 
it— without calculus. 

Solutions by Bella Wiener, University of Texas -Pan American. Rdinburg, TX, and Ken Boback, 
Penn State U., Wilkes-Barre Campus, Lehman, PA. 

Multiply by ab to obtain a b -\-b=ab +a\ transpose and factor by grouping to get 

{a-b){ab-l)- 0. 

Bob Stong noted that x + l/x = b + l/b is a quadratic in x. Hence, there cannot be 
more solutions than the ;c= b and x = l/b ones obtained by inspection. 

Quickie #7. For /c and n whole numbers, demonstrate that {kn)\/{n\^) is integral. 

This is just a multinomial coefficient counting the number of ways of choosing, from 
kn items, n items to be of one color, a second n items to be of a second color, and so 
on, up to a ^-th set of « items being of a k-ih color. 

Quickie #6. Prove that there exist irrational numbers a and b such that is a rational 
number. 

Consider vT ^ and ^) . If the first number is rational, we are done. If not, 
the second number, being equal to 2, gives the desired result. 
For more on this, see the new Quickie #9 to follow below. 

More on Quickie #6: I got a great letter from Prof. Ken Sydel of Skyline College 
regarding Teaser (Quickie) #6. Ken pointed out that the usual existence proof omits 



teliingwhether V2 ^ or (v^^j is the rational number. The question is answered 



by the Gelfond-Schneidcr Theorem; see Niven's Irrational Numbers, p. 134. The 
answer is that the second is the rational one since the first expression is transcendental. 
Ken suggested another oldie as a companion follow-up problem: 

Quickie #9: Proposed by Ken Scydcl. Prove that there exist non-real complex 
numbers a and b such that a^ is real. 



Set X Problems are due for ordinary consideration October 7, 1993, Our Solutions 
Editor requests that you please not wait until the last minute. 

Of course, regardless of deadline, no problem is ever closed permanently, and new 
insights to old problems — even Quickies — arc always welcome. 

An asterisk on a problem indicates that the proposer did not supply a solution with 
the proposal. 




New Problems 
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Problem X-1*. Proposed by Leonard M. Wapner, El Camino Community College, 
Torrance, CA, who writes: "My colleagues and I have puzzled over this problem for 
some time now and we would like to share it with others." 
Does the sequence sin 1, sin 2, sin /i, ... converge? 

Problem X-2. Proposed by the Problem Editor, Penn State U., Lehman, PA. 

Consider polynomials of the form p{x) = ax^ + bx^ -\-cx-\-d, where a.byCyd are 
arbitrary real constants. In terms of these constants, characterize all such polynomials 
p that are invertible as functions. 

Problem Editor's Comment: Tve proposed for the College Mathematics Journal a 
potentially more involved but similar problem for odd fifth-degree polynomials. 

Problem X-3. Proposed by Jim Africh, College of DuPage, Glen Ellyn, IL. 

If a^, a^ are n real numbers that sum to 1, show thai the sum of their squares 

is at least 1/n. 

Problem X-4. Proposed by J. Sriskandarajah, University of Wisconsin, Richland 
Center, WI, and modified slightly by the Problem Editor. 
Find the sum of the finite Arithmetico-Geometric Series 

ag + {a+d)gr + {a+2d)gP' +...+ {a -H {n-l)d)gr'''^ . 

For which values of r is the corresponding infinite series convergent? For such r, 
derive the sum of the infinite series. Hence or otherwise evaluate 

--4-2 + 3-5/2 + 7/4-9/8 + 11/16 (arithmetico-geometric series). 

Problem X-5. Proposed by the Solution Editor, University of Virginia. 

Find the factorizations of the polynomials:'^— 6r^+ 1 into irreducible factors in the 
ring Z j^2\^J [at]. Hint: There are three such factorizations. 

Problem X-6. Proposed by Stanley Rabinowilz, MathPro Press, Wcstford, MA. 

Let n and k be fixed integers with 0^ k< n and let = C(n +i,k), (This is a 
binomial coefficient or number of ways of choosing/: things from n +/.) 

Find a formula for a^ in terms of fl^ fl2> ^3- 

Set V Solutions 
Do Not Pass GO 

Problem V-1. Proposed by Travis Thompson, Harding University, Searcy, AR, and 
edited by the Problem Editor. 

Suppose we have a linear array of properties (as in the Parker Brother's game of 
Monopoly), said array of length N + 1, with property #0 being GO and property #N 
being JAIL. (This part is not as in Monopoly.) Suppose your token starts at property 
You toss a fair coin. If heads, you advance your token one to the right; if tails, 
one to the left. 



What IS the probability of reaching GO before reaching JAIL? Generalize your 
answer so the token starts at property #/: (0 < /: < N). 

Solved by Charles Ashbacher, Kirkwood Community College, Cedar Rapids, lA; Robert 
Bernstein, Mohawk Valley Commuity College, Uiica, NY; Mike Dellens, Austin Community Col- 
lege, Austin, TX; Mark de Saint-Rat, Miami University, Hamilton, OH; Stephen Plett, Fullerton 
College, Fullerton, CA; and Nelson Thomas, Texas City, TX. 

Comment: Michael Andreoli, Miami Dade Community College North, Miami, FL and 
Frank Soler, De Anza College, Cupertino, CA both noted that this is known as "The 
Gamler*s Ruin Problem" and that solutions may be found in many probability books, 
including William Feller: An Introduction to Probability Theory and Its Applications, 
volume 1, pp. 342-345. 

Let p{k) denote the probability of reaching GO before reaching JAIL if you start 
at position #/c. Then p{k) clearly satisfies the properties: a)/?(0) = 1; b) /^(N) =0; and 
c)p(/:)=(l/2)/7(A:~l)+(l/2)/?(/c + l). One may readily verify that /?(A:) = (N-A:)/N 
satisfies all three. As an alternative, let/?(N-l) = and inductively show that p(N— 
k)^kx using rule c), this being known for /: = 0 and /c = l. Then 1 =/?(0) = Na: gives 
X = 1/N and so pik) = (N-^)/N. 



Collection Agency 

Problem V-2. Proposed by the Problem Editor. 

You are attempting to complete a collection that has n distinct objects. There are 
infinitely many copies of each of the n items, and ihe probability of getting any one of 
the n types is always regardless of previous draws. On the average, how many 
items must you draw to complete your collection, which is to say, get at least one of 
each type? Can you give a nice asymptotic closed-formula expression for this? 
Generalize to collecting at least any m of the n types (m < n). 

Solved by Charles Ashbacher, Kirkwood Community College, Cedar Rapids, lA; Frank Soler, De 
Anza College, Cupertino, CA; and the proposer. 

Comment: Michael Andreoli, Miami Dade Community College North, Miami, FL 
notes that this is known as "The Collector's Problem" and that a solution appears in 
Feller's book on pages 224-225. 

For Bernoulli trials with probability/? of success, the expected number of trials to 
get a success is l/p. (For a proof of that, take /: = 1 in problem V-3.) Having collected 
k of the n objects, we find the probability of drawing an uncollected object is (n —k)/n 
and the expected number of draws to get the new one is n/(n—k). The expected 
number of draws to get m different objects is 

n [l/n + + ... + +1-;701. 

The expected number to gel at least one of each of all n objects is 

+ +...+ 1/2 + 1/1 ] ^ n{ln(n) + 1/(2/0 + /] 

where y is Euler's constant. Note: The unusual term l/(2/i) in the asymptotic formula 
is suggested by Charles Ashbacher, who notes that it gives significantly improved 
approximations. 

ERIC ^""^ 



Batter's Streak 

Problem V-3. Proposed by Mike Dellens, Austin Community College, Austin, TX, 

Player X has a ,300 lifetime batting average. On the average, how many times 
theoretically must he come to bat to get one hit? „,two hits in a row? ,..n hits in a row? 
(Assume the independence of each at-bat and ignore walks.) 

Solved by Frank Soler, De Anza College, Cupertino, CA and the proposer. 

Comment: Michael Andreoli, Miami Dade Community College North, Miami, FL 
notes that this is discussed on pages 322-324 of Feller's book. 

Consider Bernoulli trials with probability/? of success and let E be tht expected 
number of trials to obtain k consecutive successes. Then E satisfies the equation 

k-\ 

E = /^ + 2/^'0-p)a+; + E) 

where the sum considers strings starting with j successes (j<k) followed by a failure. 
One may readily so^ve for E to obtain 

E = l/p + + ... + 1// = 



Cubism 

Problem V-4. Proposed by Stephen Plett, Frjllerton College, Fullerton, CA. 

Define the cubeness of a rectangular solid (or rectangular parallelepiped) with 
edges a, by c (a<b<c) by Q=a/c. Call a rectangular solid Pythagorean if its space 
diagonal and edges a, 5, c are all positive integers. Prove that there exist Pythagorean 
rectangular solids with cubeness arbitrarily close to 1. Are there such solids with 
cubeness arbitrarily close to 0? 

Solved by Charles Ashbacher, Kirkuood Community College, Cedar Rapids, lA; Mark de Saint- 
Rat, Miami University, Hamilton, OH; and the proposer. Partial solution by Robert Bernstein, 
Mohawk Valley Community College, l/tica, NY. 

The box with edges a-lyb- 2ni, and c ~ 2tn^ has diagonal 7j:x^ + 1 and cubeness 
l/(2m^) which tends to zero as ;.i increases. Now consider a box with edges a ^x-l, 
= + 1, c =.v + 1 and with diagonal y. Then 3^^ + 6 = y^. The theory of the Pell 
equation says this has an infinite niiir/ber of solulions. The smallest is given by 
{^ty) = (1,3), and if {x.y) is a solution, so is (Zv+y, 3u:-^-2v). The cubeness of these 
boxes is (jc-2)/(x+ 1) and tends to 1 as v increases. 

Impossible Compn^3sion Ratio 
Problem V-5. Proposed by Frank Flanigan, Sa».- Jose State University, San Jose, CA. 

Consider monic real polynomials ?{x) with all >trofi real as mappings z->?{z) of 
the complex Z'plane. Which of these mappings compress they- axis toward the origin 
in the sense that | P(/) | < 1? (Here, = -1 as usual.) 

Solved by Mark dc Saint-Rat, Miami University, Hamilton, OH; Stephen Plclt, Fullerton College, 
Fullerton, CA; and the proposer. 
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If P(z) = PI (2 - ^jt) ^^^^ zeros r^^, , then 
Thus, no such polynomial can contract the.y-axis. 



Comments on Earlier Problems 

Nora S. Thornber, Raritan Valley Community College, Somerville, NJ notes that 
the condition u^.^m — = 0 in problem U-5 is the defining relation for a develop- 
able surface z = u(x,y). These surfaces have been studied extensively. 

For problem S-2, Robert Bernstein, Mohawk Valley Community College, Utica, 
NY observes that it is easy to see that the number of ways to get a sum less than n+l 
onk rolls of an ;i-sided die is the binomial coefficient C(/i,^). The sequence of ^ partial 
sums is just a choice of k different numbers from 1 to n listed in increasing order. 



Coming this Spring... 

Four inexpensive supplements for mathematics 
classrooms and for individual students. 
Make leaming about and using graphing 
calculators quick and easy! 

Graphing Calculators: Quick & Easy! 
The TI-81 
The TI-85 
Sharp EL-9200/9300 
Casio fx-7700/8700 

by Dr. David P. Lawrence 

Southwestern Oklahoma State University 

Call today to reserve your copies: 1-800-356-1299 

between 10 AM & 4 PM caslcni lime or write to: 

PENCIL POINT PRESS, INC. 
277 Fairfield Road Fairfield, NJ 07004 ' 




Book Reviews 

Edited by John J, Edgell, Jr. 



THE WAITE GROUPS NEW C PRIMER PLUS, Mitchell Waite and Stephen Prata, 
SAMS, a division of Prentice Hall Computer Publishing, Carmel, Indiana, 1990, 654 
pages, (softbound), $29.95, ISBN 0-672-22687-1. 

The grade assigned to this book is extremely dependent on the desired use. If you are a novice 
programmer and wish to use it as a how-to book, then it is as good as can be found. However, if your 
goal is to find a textbook for an introductory course in C programming, or you are an experienced 
programmer wishing to learn C, then it is probably not strong enough. 

Many of the example programs tend to be "cutesy", with few longer than a half-page in length. 
New material is introduced at a very slow pace. There are exeic^es at the end of each chapter that 
allow for coding of the new material, but again the level of difficulty is low. There are very few that 
could be considered sufficiently challenging to be assigned as programming assignments in a college 
level course. All of which are excellent for the beginner with little or no programming experience, as 
this places the readability at a very high level. 

This book is an excellent fit for a particular niche, but somewhat of a square peg in a round hole 
if used in any other situation. 

Reviewed by Charles Ashbacher, Kirkwond Community College, Cedar Rapids, lA 52402. 

SYMBOLIC COMPUTATION IN UNDERGRADUATE MATHEMATICS EDUCA- 
TION, edited by Zaven A. Karian, Mathematical Association of America, 1992, 181 
pages, (softbound), ISBN 0-88385-082-6. 

The noise that teachers of mathematics are hearing in the background is the inexorable march of 
symbolic computation into the classroom. With the increase in capability and drop in price, it has 
reached the point where the consensus is that some mathematics programs are now arguably 
irresponsible to their students if they do not at least introduce symbolic computation. 

This collection of papers points out many of the peaks and pitfalls one faces when attempting to 
introduce the students to abstract computation on a computer. Although there is a section dealing 
with reviews of the current material, it appears last and most of the problems presented are 
independent of the hardware and software being used. A few of the papers also discuss the integration 
of the graphing calculator. All of the articles are well written and easy to follow. 

The wide range of difficulties discovered points out how complex the psychology of human-com- 
puter interactions really is. Sometimes it appears as rich as human-human interactions. The triad of 
teacher-computer-student is fast becoming the new "eternal triangle." 

If you have any plans to integrate symt)olic computing into your program, read and study this 
book first. You and your students will thank you for it. 

Reviewed by Charles Ashbacher, Kirkwood Community College, Cedar Rapids, I A 52402. 

BEGINNING ALGEBRA, ( 5th cd.), by Alfonso Golbran, PWS - Kent Publishing Co., 
Boston, MA, 1991, xiii + 523 pages. ISBN 0-534-92443-3. 

Audience 

Golbran intends BEGINNING ALGEBRA, 5th ed., to be used as an "introduction to the 
fundamentals of algebra for students with little or no background in the subject." llie text is well 
written for that purpose. Golbran's text should be considered for use m the following courses: 
Advanced Eighth Grade Algebra, Mainstream High School Algebra I, Introduction to College 
Algebra. (Also, see (POSITIVE:) REMARKS below.) 



Format 

BEGINNING ALGEBRA, the 5th ed. is formatted a little differently from other texts in a positive 
way. The material is divided not only into chapters divided into sections, but some sections are divided 
into subsections, each followed by many problems dealing specifically with the topic of the subsection. 
(Perhaps most texts do have this same division of material, but most texts don't supply problems 
relevant to a subsection unmediately following the subsection.). 

AJso, BEGINNING ALGEBRA, 5th ed., provides sufficient and working definitions, plenty of 
topic relevant examples (graded in difficulty), and a wealthof problems (graded in difficulty) following 
each chapter, section, and subsection. 

(Positive) Remarks 

• Golbran's examples and problems deal predominantly with the algebraic operations that are essential 
to mastering the topics being discussed. 

• The examples and problems are indicative of the algebraic operations necessary to solve further 
problems in algebra. 

• No cloudiness is involved in the examples or problems that may mislead or confuse students about the 
objectives of a section's topic. 

• BEGINNING ALGEBRA, 5tli ed., provides an abundance of clean concise, "topic-closed" problems. 
(For this reason, the text would serve well as a refresher text for High School Algebra 11 or College 
Algebra students.) 

• The book wou Id be an asset to any learning lab. 

Reviewed by Jefferson A. Humphries, Southwest Texas State University, San Marcos, TX 78666. 



Send Reviews to: Dr. John J. Edgell, Jr., Editor, Book Reviews, Tlie AMATYC Review, 
Matiiematics Dept., Southwest Texas State University, San Marcos, TX 78666. 



Two terrific mathematics texts 
that really add up! 

The new fourth edition of Developmental Mathematics: Basic 
Arithmetic with Introductions to Algebra and Geometry by Ronald 
Staszkow brings practical math into your students' world. Your students 
learn the "hows and whys" of mathematical concepts. They wlH learn how 
to solve simple equations and develop a worthing knowledge of many 
different mathematical functions used in everyday life. 

1992/560 pagec/paQ«r/$25.9S^SBN 0*d403-674$-0 



College Algebra: A Functlona Approach, Fifth Edition 

by Robert J. Mergener provides a unique blend of 
challenging content mixed with an easy-to-read format, 
allowing your c.udents to prepare for advanced math 
courses. College Algebra covers topics such as; rational 
and radical functions, an introduction to limit notation, and 
mathematical proofs. Most importantly, there is a strong 
emphasis on graphs throughout the text. 

IdOa^paOM TBVp«^r/$40.95^SBN 0-S403-7764.9 



KENDALL/HUNT PUBLISHING COMPANY 
4090 WMtnwK Dnv* PO Box1ft40 Oubuqu*. Iowa 52004*1 MO 
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Answer to The Dead Mathematicians Society Crossword Puzzle, p, 51 
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Wc should be able to talk about our careers with our friends, but the trouble 
with insisting on discussing mathematics is that it diminishes the supply of friends. 

Peter Hilton 
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AMATYC Institutional Members 

(as of January 25, 1993) 



Addison-Wesley Pub. Co., Reading, MA 01867 
Albuquerque Te':hnical College, Albuquerque, 

NM 87106 
Amarillo College, Amarillo, TX 79178 
American River ColUge, Sacramento, CA 95841 
Anoka Ramsey Comm. College, Coon Rapids, 

MN 55433 

Antelope Valley College, Lancaster, CA 93536 
Austin Comm. College (RGC Campus), Austin, 
TX 78701 

Ball State University, Muncie, IN 47306 
Bellevue Comm. College, Bellevue, WA 98007 
Brooks/Coie Pub. Co.. Pacific Grove, CA 93950 
Bucks County Comm. College, Newton, PA 18940 
Burlington County College, Pemberton, NJ 08068 
Butte College, Orovilie, CA 95965 
Charles County C. C, La Plata, MD 20646 
Cincinnati Tech. College. Cincinnati, OH 45223 
Cochise College, Sierra Vista. AZ 85635 
College De Sherbrooke, Sherbrook, PQ JIH 5M7 
College of DuPage. Glen Eliyn. 60137 
College of Lake County, Graysia .e, IL 60030 
Columbus State Comm. College, Columbus, 
OH 43216 

Comm. College of Southern Nevada, N. l^s Vegas. 
NV 89030 

C. S. Mott Comm. College, Flint, M! 48503 
Cuyahoga Comm. College, Parma, OH 44130 
Dean Junior College. Franklin, MA 02038 
De Kalb College South, Decatur, GA 30034 
Delaware County Comm. College, Media, PA 19063 
Delta College, University Center. M! 48710 
Dona Ana Branch Comm. College, l^s Cruces. 
NM 88003 

El Paso Comm. College, El Paso. TX 79998 
Florida College, Temple Terra, FL 33617 
Florida C. C. North, Jacksonville, FL 32202 
Fullerton College, Fullerton, CA 92634 
Galveston College, Galveston, TX 77550 
Garland County C. C, Hot Springs. AR 71914 
Genessee Comm. College, Batavia, NY 14020 
Grant Mac Ewen College, Hdmonton. AB T5J 2P2 
H&H Publishing Co., Clearwater, FL 34625 
Harcourt, Brace, Jovanovich, San Diego, CA 92101 
HarperCollins Pwb. Co., Gienview, IL 60025 
Harrisburg Area C.C., Harrisburg, PA 17110 
Heartland Comm. College, Bloomington, IL 61701 
Howard Comm. College, Columbia, MD 21044 
Illinois Central College, East Peoria, IL 61635 
niinols State University, Normal. IL 61761 
Inver Hills C. C, Inver Grove Hts., MN 55076 
Joliet Jr. College, Joliet, IL 60436 
Kansas College of TechnoFogy, Salinas, KS 67401 
Kaplolani Comm. College, Ilonolulu, HI 96816 
Kean College of New Jersey, Union, NJ 07083 
Lane Comm. College, Eugene, OR 97405 
Madison Area Tech College, Madison, Wl 53704 
Marine Institute, St. John's, NF A!C 5R3 
Massasoit Comm. College, Brockton, MA 02402 



Metropolitan Technical C. C, Omaha, NE 68103 
Middlesex County College, Edison, NJ 08818 
Minneapolis C.C., Minneapolis, MN 55403 
Mohawk Valley Comm. College, Utica, NY 13501 
Montgomery College, Takoma Park, MD 20912 
Moraine Valley Comm. College, Palos Hills, IL 
60465 

New Mexico State University, Las Cruces, NM 
88003 

Normandale Comm. College, Bloomington, MN 
55431 

North Hennepin C, C, Minneapolis, MN 55455 
North Idaho College, Coeur D'AIene, ID 83814 
North Lake College, Irving, TX 75038 
North Seattle Comm. College, Seattle, WA 98103 
North Shore Comm. College, Danvers, MA 01923 
Northern Arizona University, Flagstaff, AZ 86011 
Oakland Comm. College, Royal Oak, MI 48067 
Oakton Comm. College, Des Plaines, IL 60016 
Onondaga Conim. College, Syracuse, NY 13215 
Oregon Inst, of Technology, Klamath Falls, 
OR 97601 

Pan American Univ., Edinburg, TX 78539 
Parkland College, Champaign, IL 61821 
Pcnn State Univ., Belhleham, PA 18017 
Pierce Jr. College, Philadelphia, PA 19102 
Pima Comm. College, Tucson, AZ 85709 
Pima Comm. College, Tuscon, AZ 85703 
Polk Comm. College, Winter Haven, FL 33881 
Raritan Valley C. C„ Somerville, NJ 08876 
Richard D. Irwin Inc., Boston, MA 02116 
Richard D. Irwin Inc., St. Paul, MN 55105 
Robert Morris College, Coraopolis, PA 15108 
St. Charles County C. C, O'Fallon, MO 63366 
San Diego Mesa College, San Diego, CA 921 1 1 
San Francisco State University, San Francisco, CA 
94116 

Santa Rosa Jr. College, Santa Rosa. CA 95401 
Saunders College Pub. Co., Philadelphia, PA 19106 
Schoolcraft College, Livonia, MI 48152 
SIAST, Saskatoon, SK S7K 3R5 
Southeaast Mo. State University, Cape Girardeau, 
MO 63701 

Southwest Virginia C. C, Richlands, VA 24641 
SUNV Ag & Tech College, Alfred. NY 14802 
SW Indian Polytechnic Inst., Albuquerque. NM 
87114 

Tarrant County Jr. College NE, Hurst, TX 76054 
Tarrant County Jr. College S., Ft. Worth, TX 761 19 
The College Board, .Philadelphia, PA 19104 
Three Rivers Community College, Poplar Bluff, 

MO 63901 
Tulsa Jr. College, Tulsa. OK 74133 
Univ. of Alaska-Anchorage, Anchorage. AK 99508 
University of Wyoming, I^ramie. WY 82071 
Waterbury Tech. College. Walerbury, CT 06708 
West Hills Comm. College, Coalinga. CA 93210 
William Rainey Harper College, Palatine, IL 60067 
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LIBRARY SUBSCRIPTION 



Annual Library Subscription Fee: $25 [Includes The AMATYC Review (Fall and 
Spring) and The AMATYC News (Fall, Winter and Spring)] 



Name of Library 



Name of Institution 



Address 



City State Zip 

NOTE: This application form is your invoice for the subscription fee and payment 
must accompany the completed application. Retain a photocopy of this form for your 
records if necessary. Please make check payable in U.S. funds to AMATYC and mail 
to: 

Margie Hobbs, AMATYC Treasurer, State Technical Institute at Memphis, 
5983 Macon Cove, Memphis, TN 38134 

RcN S. 



INSTITUTIONAL MEMBERSHIP 

Colleges, publishers, and other instiiuiions can support AMATYC by being Institutional Mem- 
bers. As indicated below, the annual membership fee is S170. Subscriptions to Tfie AMATYC Review 
and The AMAIYC News are included in this fee. Of particular importance to collegiate institutional 
members is the AMATYC committee for mathematics department chairpersons. 

An additional benefit of insitutional membership is one complimentary AMAITC conference 
early registration. Future conventions, which are held in the Fall, will be in Boston (1993) and Tulsa 
(1994). Institutional members support the excellence of the programs at these annual conferences. 

INSTITUTIONAL MEMBERSHIP APPLICATION/INVOICE 

Mai! to: Margie Hobbs, AMATYC Treasurer, State Technical Institute at Memphis, 
5983 Macon Cove, Memphis, TN 38134 



AMATYC College Contact Person Position 



Name Of Institution 



Address 



City Stale Zip 

Membership Fee - $170 in U.S. funds payable to AMATYC (includes The AMATYC 
Review, The AMATYC News, and one complimentary conference early registration) 
Note: Institutional membership does not include any voting privileges. 

Rev S. 1993 



Attention Teachers!.,.. 

The Latest Tool in Mathematics! 



New 

Journal of 
Technology 
IN Mathematics 



III 



Edifor-ln-Chief 
John G. Harvey 

University of Wisconsin 
Madison 



This informative new journal focuses on research related to the use of 
existing and future technologies in mathematics research, instruction, 
and learning. Mathematics is becoming more experimental because of 
recent advances in technology. You and your students have greater 
access to powerful tools and are using them to create, teach, and learn 
mathematics. This journal will keep you abreast of the vital research and 
information you need to effectively use technology and change the ways 
in which mathematics is considered, done, and taught. 



Areas of interest include: 



Mathematics Research 

• Synthesis of the results of experimental mathematics 

• Contributions of experimental mathematics to recognized 
mathematics subdisciplines 

Mathematics Instruction 

• Methods and effects of restructuring instruction 

• Results of technology-oriented curriculum development 

• Use of new technology tools 

• Applications of software development tools 

Mathematics Learning 

• Synthesis of experiments and their results 

• How students learn mathematics while using technology 

Technology 

• Descriptions of new mathematics technology 

• Use of new technology in mathematics 



Volume 1 (1992 1993). 4 issups 
ISSN 1055-789X 

In the USA All Other 

and Canada Countries 

Inslitutional Rate, $150.00 $181.00 

Personal Rate. 75.00 95 00 
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fi»ti"!abie onir' on orders pKir,c(J 
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For moic mformafion ploo'.c wnif oi to*' 

1^ ACADEMIC PRESS, INC., Journal Promotion Department 
1250 Sixth Avenue, San Diego, CA 92101, U.S.A. 
(619) 699^742 

All piicoii are m U S dollars and arc iubjOtf lu » Konyr- vw,iL<iui luiiK e- 
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WHY JOIN AMATYC? 



The American Mathematical Association of Two- Year Colleges (AMATYC) was established in 
1974 ic provide a unique, national forum for two-year college mathematics educators. Today, 
AMATYC is the only national organization that exclusively serves the needs and purposes of this 
group. 

AMATYC holds a national conference annually in a major city. AMATYC encourages two-year 
college mathematicians to assume '•esponsible leadership positions; to interact on an equal basis with 
four-year university personnel; to be members on a proportional basis of national steering or policy 
committees; to represent at the national level the concerns of two-year college mathematics 
educators. The AM AIYC Review, published twice yearly, provides an opportunity to publish articles 
by and for two-year college faculty. A national newsletter is published three times yearly for all 
members. AMATYC is a member of the National Conference Board of the Mathematical Sciences. 
INDIVIDUAL MEMBERSHIP APPLICATION The Amciican Mathematical As- 
sociation of Two- Year Colleges 

Mail to: Margie Hobbs, AMATYC Treasurer, State Technical Institute at Memphis, 
5983 Macon Cove, Memphis, TN 38134 



First Name 


MI 


l^si Name 


Position 




College 






Phone 




College Address 






E-Mail 




City 




State 




Zip 


Residence Address 






Phone 




Cily 




Slate 




Zip 



Indicate preferred mailing address: [_] College [H Residence 
All payments in U.S. funds payable to AMATYC. Membership fee: 

n $25 Yearly Individual Membership (any person interested in mathematics 

education at the two-year college level) 
[Zl $10 Yearly Associate Membership (full-time student, no voting privileges) 

Name of AMATYC Member Sponsor 

LJ $500 Individual Life Membership 

Membership includes The AMATYC Review and The AMATYC News. In addition, the 
following journals arc available at extra cost: 

Mathematics and Computer Education Journal $20 for 3 issues 

LJ The College Mathematics Journal $43 for 5 issues 

Total Amount Enclosed Date Paid 
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AMATYC Reviewers 



Sunday A. Ajose .. 
Patricia Allaire — 
Charles Ashbacher 
Joe Dan Austin . . . 
John W.Bailey ... 

Richelle Blair 

Barbara Bohannon 
Randall Brian — 
Robert Decker . . . 
John DeCoursey 



East Carolina University Greenville, NC 

Queensboroi gh C.C Bayside, NY 

.Kirkwood Col ege Hiawatha, lA 

.Rice University Houston, TX 

.Clark State C.C Springfield, OH 

.Lakeland Comm. College Mentor, OH 

.Hofstra University Hempstead, NY 

.Vincennes University Vincennes, IN 

.University of Hartford W. Hartford, CT 

..nu x^.^u.^, Vincennes University Vincennes IN 

David Dyer Prince George's C.C ^. • • ^^rgo MD 

Joseph R Fiedler California State University Bakersneia, 

Kathleen Finch Shoals Comm. College Muscle Shoals, AL 

Gregory D. Foley Sam Houston State University ^ . . . HuntsviUe TX 

Richard Francis Southeast Missouri State University Cape Girardeau, MO 

Charles Franke Eastern Kentucky University Richmond, KY 

Florence Gordon New York Institute of Technology Old Westbury, NY 

Sheldon Gordon Suffolk County C. C ^^Selden, InTY 

Chitra Gunawardena Univ. of Wisconsin-Fox Valley ^^^t lln 

K- L. D. Gunawardena Univ. of Wisconsin-Oshkosh Oshkosh, Wl 

Russell Gusack Suffolk County C. C - -Sel^^"' 

Ronald Harkins Miami University Hamilton, OH 

Peter Herron Suffolk County C. C • ^ -Selden, NY 

Ann D. Honey '}^f^T'nu 

Larry Lance Columbus State C.C Co umbus, OH 

Edward Laughbaum Columbus State C. C ^Columbus, OH 

Deborah Le^ne Nassau C. C Garden City NY 

VedP Madan Indiana University East Richmond IN 

Richard F. Maruszewski United States Naval Academy Annapolis. MD 

John Mathews California State University . .Fullerton,CA 

Pamela E. Matthews 

Mary McCarty Sullivan C.C.C Loch Sheldrake, NY 

Rupert McGrath Onondaga Community College ^ . . . . Syracuse NY 

ArtMerifield Seneca College Toronto, CANADA 

CoreenMett Radford University Radford, VA 

Ted Moore Mohawk Valley Community College Utica, NY 

Kylene Norman Clark State C.C Springfield, OH 



TerryA-Nyman .. 
Carol Clmsead . . . 

Joan Page 

Deborah Parker . . 

Don Pfaff 

Stephen Plett 

BenPollina 

Douglas Robertson 
Jack W. Rotman 



Univ. of Wisconsin-Fox Vall'jy Menasha, WI 

University of Nevada Reno, NV 

Onondaga Community College Syracuse, NY 

Mississippi County C. C Blytheville, AR 

.University of Nevada-Reno Reno, NV 

.FuUerton College Fullerton, CA 

.University of Hartford W. Hartford, CT 

.Univ. of Minnesota Minneapolis, MN 

.Lansing C.C Lansing, MI 



Alain Schremmer Community College of Philadelphia Philadelphia, PA 

Gene Sellers Sacramento City College Sacramento, CA 

Brian Smith Dawson College Quebec, CANADA 

J. Sriskandarajah Univ. of Wisconsin Richland Center WI 

Leslie R. Tanner The College of Idaho • . Caldwell, ID 

Marcia Weisser New York Institute of Technology Old Westbury, NY 

John Williams University of Hartford W Hartford, CT 

Margaret Willis Piedmont Virginia C.C Charlottesville, VA 
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1993 BOSTON AMATYC Convention 

Sheraton Boston Hotel & Towers 
36 Dalton Street 
Boston, MA 02199 
(617) 236-2000 

Conference CommiUee Chairpersons 
Jack Keating 
Massasoit Community Colhge 
1 Massasoit Boulevard 
Brockton, MA 02402 
(508) 588-9100, Ext. 216 



Helena Savicki 
Dean Junior College 

99 Main Street 
Franklin, MA 02038 

(508) 528-9100 



ERIC 



20o 



ISSN 0740-84 



